Pramana Research Journal ISSN NO: 2249-2976

New Sort of functions in Nano Topology

B. Meera Devi ! & T. Nithya 2

! Assistant Professor,
PG and Research Department of Mathematics,
Sri S.R.N.M.College, Sattur-626 203,
Tamil Nadu, India.

2 Research Scholar
PG and Research Department of Mathematics,
Sri S.R.N.M.College, Sattur-626 203, Tamil Nadu, India.

Abstract

In this paper we introduce a new class of functions called N6 §
-continuous functions. We obtain several characterizations and
some their properties. Also we investigate its relationship with
other existing functions. Further we introduce and study a new

class of functions namely Nog -closed map.

Keywords: Nog -closed sets, Nog -continuous function, Nog-
closed sets, No§-continuous function, Nog-closed maps.

AMS Subject Classification: 54405, 54C08

1. Introduction

M. Lellis Thivagar and Carmel Richard [7] introduced nano topological space
(or simply NTS) with respect to a subset X of a universe which is defined in
terms of lower and upper approximation of X. He has also defined nano
closed sets (briefly N-CS), nano interior and nano closure of a set. M. Lellis
Thivagar and Carmel Richard [7] introduced nano semi-open, nano regular-
open, nano pre open, nano o -open. M. Y Bakeir [1], V. Pankajam and
K. Kavitha [9], K. Bhuvaneswari and K. Mythili Gnanapriya [4] introduced
Nog-closed, N&-continuous, No&-closed map, Ng-closed, Ng-continuous
respectively. The purpose of this present paper is to define a new class of
nano generalized continuous function called Ng-continuous functions and
investigate their relationships to other generalized continuous functions. We

further introduce and study a new class of functions namely N6 g-closed map.
N.
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2 Preliminaries

Throughout this paper, (U, (X)), (V, or(Y)) and (W, nr(Z)) represent Nano
Topological Spaces on which no separation axioms are assumed unless or
otherwise mentioned. For a set A in a NTS (U, (X)), Ncl(A), Nint(A) and
A° denote the nano closure of A, the nano interior of A and the nano
complement of A respectively. Let us recall the following definitions, which
are useful in the sequel.

Definition 2.1. [7] Let U be a non-empty finite set of objects called the
universe and R be an equivalence relation on U named as the indiscernibility
relation. Elements belonging to the same equivalence class are said to be
indiscernible with one another. The pair (U, R) is said to be the
approximation space. Let XCU.

(i) The lower approximation of X with respect to R is the set of all objects,
which can be for certain classified as X with respect to R and it is denoted by
Lr(X). That is Lgr(X)= U,ey {R(X) : R(x) €X, x € U}, where R(x) denotes
the equivalence class determined by x .

(i1) The upper approximation of X with respect to R is the set of all objects,
which can be possibly classified as X with respect to R and its is denoted by
Ur(X) . Thatis, Up(X) =Uyey{Rx):RX)NX#=¢, xeU}.

(iii) The boundary region of X with respect to R is the set of all objects,
which can be classified neither as X nor as not X with respect to R and it is
denoted by Br(X) . That is, Br(X) = Ur(X) — Lr(X) .
Proposition 2.2. [10] If (U, R) is an approximation space and
X,Y S U, then
(1) LrX) € X € Ur(X)
(i1) Lr(¢p) = Ur(¢p) and Lr(U) = Ur(U)=U
(1) Ur(X U Y ) =Ur(X) U Ur(Y)
Av) Ur(XNY)S Ur(X) NUr(Y)
WV LX) ULr(Y) S (X U Y)
(vi) LR(X NY ) =Lr(X) N Le(Y)
(vil) Lr(X) € Lr(Y ) and Ur(X) € Ur(Y ) whenever X € Y
(viii) Ur(X®) = [Lr(X)]° and Lr(X®) = [Ur(X)]°
(ix) Ur[Ur(X)] = Lr[Ur(X)] = Ur(X)
(%) Lr[Lr(X)] = Ur[Lr(X)] = Lr(X)
Definition 2.3. [7] Let U be the universe, R be an equivalence relation on U
and 7x(X) = {¢, U, Lr(X), Ur(X), Br(X)} where XS U . Then by
proposition 2.2 7z(X) satisfies the following axioms.
(i) Uand ¢ € x(X).
(i1) The union of the elements of any subcollection of
wr(X) is in r(X) .
(ii1) The intersection of the elements of any finite
subcollection of 7x(X) isin 7p(X).
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That is, Tr(X) forms a topology on U called as the nano topology on U with
respect to X . We call (U, 7z(X) ) as the nano topological space. The elements
of 7x(X) are called as nano open sets (briefly N-OS).

Definition 2.4. [7] If (U, t3(X)) is a Nano topological space with respect to
X where XSU and if ACU, then

(1) The Nano interior of A is defined as the union of all Nano-open subsets of
A and it is denoted by NInt(A). That is, NInt(A) is the largest Nano-open
subset of A .

(i1) The Nano closure of A is defined as the intersection of all Nano closed
sets containing A and it is denoted by Ncl(A). That is, Ncl(A) is the smallest
Nano closed set containing A .

Definition 2.5. [7] Let (U, tr(X)) be a Nano topological space and ACU.
Then A is said to be

(1) Nano semi open if ASNCI[NInt(A)] .

(i1) Nano semi closed if NInt[NCI(A)]€ A .

(ii1) Nano pre open if ASNInt[N CI(A)] .

(iv) Nano o open if AC NInt[NCI(N Int(A))] .

NSO (U, X), NSC (U, X), NPO (U, X) and NaO (U, X) respectively denote
the families of all Nano semi open, Nano semi closed, Nano pre-open and
Nano a open subsets of U .

Definition 2.6. [1] The No—interior of a subset A of U is the union of all nano
regular open set of U contained in A and is denoted by NInts(A). The subset
A is called No—open if A = Nlnts(A), i.e. a set is No—open if it is the union of
nano regular open sets. The complement of a No—open is called Né—closed.
Alternatively, a set A S(U, tr(X)) is called No—closed if A=Ncls(A), where
Nels(A)={xeU: NInt(Ncl(M))NA # ¢, Me 15(X) and xe M }.

Definition 2.7. A subset A of a NTS (U, tr(X)) is called
(1) nano g-closed set (briefly Ng — CS ) [4] if Ncl(A)EM
whenever A€ M and M isa N - OS in (U, r(X)) .
(ii) nano sg — closed set (briefly Nsg -CS) [2] if Nscl(A) EM
whenever A S M and M isa N s -OS in (U, tr(X)).
(iii) nano gs — closed set (briefly Ngs -CS) [2] if Nscl(A) EM
whenever A €M and M is aN -OS in (U, tr(X)).
(iv) nano ag — closed set (briefly Nog -CS) [12] if Noacl(A) & M
whenever A € Mand M isaN—OS in (U, wr(X)).
(v) nano go — closed set (briefly Nga -CS) [12] if Nacl(A) € M
whenever A €M and M is a Na. — OS in (U, r(X)).
(vi) nano dg— closed set (briefly Nog -CS) [1] if Ncls(A)EM whenever
ACM and M is nano open set in (U, Tr(X)).
(vii) nano 0 g— closed set (briefly N6 g -CS) [8] if Ncls(A)EM whenever
ACM and M is a nano § open set in (U, tr(X)).
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The complement of a (resp. Ng-closed, Nsg-closed, Ngs-closed, Nag-closed,
Ngo-closed, Nog-closed and N§g-closed) set is called (resp. Ng-open, Nsg —
open, Ngs -open, Nog -open, Nga -open, Nog -open and N& g -open ).

Definition 2.8. [6] Let (U, tr(X)) and (V, 74(Y)) be two Nano topological
spaces. Then a mapping f :(U, r(X))—(V , 74/(Y)) is Nano continuous on U
if the inverse image of every Nano open set in V is Nano open in U .

Definition 2.9. A function f: (U, (X)) — (V, 7x(Y)) is called

(i) Ng -continuous [5] if the inverse image of every Nano open set in V is
nano g-open in U.

(i) Nog -continuous [12] if (W) is Nag -closed in (U, tr(X)) for every
nano closed set Win (V, 75(Y)) .

(iii) Nga -continuous [12] if (W) is Ngo -closed in (U, tr(X)) for every

nano closed set Win (V, 7,(Y)) .

(iv) N& -continuous [9] if /(W) is N& -closed in (U, tr(X)) for every nano
closed set Win (V, 75(Y)) .

(v) Nsg-continuous [3] if f'(W) is Nsg -closed in (U, tr(X)) for every nano
closed set Win (V, 75(Y)) .

Definition 2.10. A function f: (U, wr(X)) — (V, 7x(Y)) is called
(i) Nano closed map [6] if f(W) is Nano closed in (V, 75 (Y)) for every nano
closed set W in (U, tr(X)).
(it) Ng closed map [5] if f(W) is Ng closed in (V, T4 (Y )) for every nano
closed set W in (U, tr(X)).
(iii) N6 closed map [9] if f{W) is N§ closed in (V, 74 (Y )) for every nano
closed set W in (U, tr(X)).
(iv) Nog closed map [12] if f{W ) is Nog closed in (V, 75 (Y )) for every nano
closed set W in (U, tr(X)).

(v) Ngs closed map [2] if f(W ) is Ngs closed in (V, 74 (Y )) for every nano
closed set W in (U, tr(X)).

3. N&g Continuous Maps and N6g Closed Maps
We introduce the following definition.

Definition 3.1. A function f: (U, tr(X))—(V, or(Y)) is said to be N6g —continuous
map if (W) is N§g -closed in (U, tr(X)) for every nano closed set W of (V, or(Y)).

Example 3.2. Let U={a, b, ¢} with U/R = {{a}, {b, c}, {b}} and X = {a, b}
with nano topology tz(X) = {U, ¢, {a, b}, {c}}. Let V={x, y, z} with V/R =
{{x}, {y. z}, {y}} and Y = {x, y} with nano topology or(Y)={V, ¢, {x, y},

{z}}. Define a function f: (U, tr(X))—(V, or(Y )) by f(a) =x, f(b) =y,
f(c)=z. Clearly f is N6 —continuous.
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Theorem 3.3. Every N6g —continuous function is Ndg-continuous.
Proof. It is true that every No g —closed set is Nog-closed.

Remark 3.4. The converse of the above the theorem is not true in general as
shown in the following example.

Example 3.5. Let U={a, b, ¢} with U/R = {{a}, {b, c}, {b}} and X = {a, b}
with nano topology tx(X)={U, ¢, {a, b}, {c}}. N6g—closed={U, ¢, {a, b},
{c}}. Let V={p, q, r} with V/R = {{p}, {q, 1}, {q}} and Y = {p, r} with nano
topology ogr(Y) = {V, ¢, {q, 1}, {p}}. Define a function f : (U, tr(X))—

(V, or(Y)) by f(a)=p, f(b) = q, f(c) =r. Then f is not N6 —continuous because
f'{p} = {a} isnot N6g —closed in (U, 1r(X)). But fis N&g —continuous.

Theorem 3.6. Every N§g-continuous function is Ng -continuous.
Proof. It is true that every N6 g-closed set is Ng -closed.

Remark 3.7. The converse of the above theorem is not true in general as shown
in the following example.

Example 3.8. Let U= {a, b, c} with U/R = {{a}, {b, ¢}, {b}} and X = {a, b}
with nano topology tx(X)={U, ¢, {a, b}, {c}}. Let V= {a, b, c} with V/R =
{{a}, {b,c}} and Y = {a, ¢} with nano topology or(Y)={V, ¢, {b, c}, {a}}.
Define a function f: (U, t(X))— (V, or(Y )) by f(a) = b, f(b)=a, f(c) =c.
Then fis not N6g —continuous function because {a} is nano closed in

(V, or(Y )) but f'{a}={b} is not N§g —closed in (U, tr(X)). But fis

Ng —continuous.

Theorem 3.9. Every No-continuous function is N3g -continuous.

Proof. It is true that every No-closed set is N6 g -closed. |
Remark 3.10. The converse of the above theorem is not true in general as
shown in the following example.

Example 3.11. Let U = {a, b, ¢} with UR = {{a, ¢}, {b}} and X = {b} with
nano topology tw(X)={U , ¢, {b}}. Let V= {a, b, ¢} with V /R = {{a}, {a, b},
{c}} and Y = {a, c} with nano topology cr(Y )= {V, ¢, {a, c}, {b}}. Define
a function f: (U, (X)) — (V, or(Y)) by f(a)=a, f(b)=c, f(c)=b. Then fis
not N§ -continuous function because {b} is N&-open in (V, or(Y)) but £ {b}
= {c} is not No -open in (U, tr(X)) . However f is Nog -continuous function.

Theorem 3.12. Every N§g -continuous function is Ngs -continuous.

Proof. It is true that every Nog-closed set is Ngs -closed.

Volume 9, Issue 5, 2019 1020 https://pramanaresearch.org/



Pramana Research Journal ISSN NO: 2249-2976

Remark 3.13. The converse of the above theorem is not true in general as
shown in the following example.

Example 3.14. Let U = { a, b, ¢} with UR = {{b, ¢}, {a}} and X = {a, c}
with nano topology tr(X) = {U, ¢, {a}, {b, c}}. Let V= {x,y, z} with V/R
={x, y}, and Y = {x} with nano topology or(Y) = {V, ¢, {X, y}}. Define a
function f: (U, r(X)) — (V, or(Y)) by f(a)=x, f(b)=z, f(c)=y. Then fis Ngs-
continuous. But f is not N§g-continuous function because {z} is nano closed
set in (V, or(Y)) but f'{z}={b} is not N§g-closed in (U, tr(X)). However f
is No g-continuous function.

Theorem 3.15. Every N§g-continuous function is Nag -continuous.
Proof. It is true that every N§g-closed set is Nog -closed.

Remark 3.16. The converse of the above theorem is not true in general as
shown in the following example.

Example 3.17. Let U= {a, b, ¢} with U/R={{b,c}, {a}, {b}} and

X = {a, b} with nano topology t=r(X)={U, ¢, {c}, {a,b}} . Let
V={x,y, z} with V/R = {{x}, {y, z}} and Y = {x} with nano topology
or(Y ) ={V, ¢, {x}}. Define a function f : (U, r(X)) — (V, or(Y )) by f(a)
=X, f(b) =y, f(c) = z. Then fis Nag -continuous. But f is not N3 g continuous
function. Since for the nano closed set {y , z} of (V, or(Y)) but f'{y, z} = {b
, ¢} is not Nog -closed in (U, tr(X)).

Remark 3.18. The following example shows that N§g-continuous is
independent from Ng-continuous, Nsg-continuous and Nga —continuous.

Example 3.19. Let U= { a, b, ¢ } with U/R= {{b, c}, {a}} and

X = {a} with nano topology tr(X) = {U, ¢, {a} }. Let V= {x,y, z} with
V/R={{y}, {x,z}} and Y = {y} with nano topology or(Y ) = {V, ¢, {y}}.
Define a function f : (U, (X)) — (V, or(Y )) by f(a) = x, f(b) =y, f(c) = z.
Then f is Nog-continuous. But f is not Ng continuous function, Nsg-
continuous and Nga- continuous function. Since for the nano closed set {x,
z} of (V, or(Y)), f'{x, z} = {a, ¢} is not Ng-closed, Nsg-closed and Nga-
closed in (U, tr(X)).
Also the another example, Let U={a, b, ¢} with U/R = {{a}, {a, b}, {c}}

and X = {a, c} with nano topology tz(X)={U, ¢, {a, c}, {b}}. Let V= {p,
g, r} with V/R = {{p}, {q, 1}, {q}} and Y = {p, q} with nano topology
or(Y)={V, ¢, {p, q}, {r}}. Define a function f : (U, tr(X))—(V, or(Y )) by
f(a) =p, f(b) = q, f(c) =r. Then f is NG continuous, Nsg-continuous and
Nga- continuous. But f is not Nog-continuous function. Since for the nano
closed set {r} of (V, or(Y)), f'{r} = {c} is not N§g —closed in (U, tr(X)).

Remark 3.20. The composition of two N§g -continuous function need not be
Nb&g-continuous as the following example shows.
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Example 3.21. Let U= {a, b, c} with U/R= {a, b} and X = {a} with nano
topology ir(X)={U, ¢, {a,b}}. Let V= {a,b, c} with V/R={{a, c}, {b}}
and Y = {b} with nano topology or(Y ) = {V, ¢, {b}}. Let W={p, q, r} with
W/R ={{q, r}, {p}} and Z = {p} with nano topology Nr(Z)={W, ¢, {p}}.

Define a function f: (U, tr(X))—(V, or(Y)) by f(a)=Db, f(b)=c, f(c)=a and let

g: (V,or(Y )) = (W, nr(2)) by g(a)=p, g(b)=q, g(c)=r. Clearly f and g are
N&g —continuous function. But gef : (U, tr(X))—(W, nr(Z)) is not an Nog —
continuous function because (g °f) ' ({q,1})=f"'[g'({q,rH]=f'({b,c})=
{a, b} is not an N&g -closed set of (U, tr(X)) where {q, r} is a nano closed
set of (W, Nr(2)).

Definition 3.22. A map f : (U, w(X))—(V, or(Y )) is called N&g - closed
map if the image of each nano closed set in (U, tr(X)) is N6 g -closed in
(V,or(Y)).

3.23. Every Nog-closed map is Ng -closed map.
Proof. It is true that every Nog-closed set is Ng -closed.

Remark 3.24. The converse of the above theorem is not true in general as
shown in the following example.

Example 3.25. Let U = {a, b, ¢} with U/R = {{a}, {b, ¢}, {b}} and X={a, b}
with nano topology w(X) = {U, ¢, {a, b}, {c}}. Let V= {x,y, z} with V/R
={{x}, {y, z}} and Y = {x, z} with nano topology or(Y)={V, ¢, {y, z}, {x}}.
Ng-closed {V, ¢, {x}, {y}, {z}, {X, ¥}, {X, z} ,{y, z} }. NOG -closed {V, ¢,
{y, z}, {x}}. Define a function f : (U, tr(X)) — (V, or(Y)) by f(a)=x, f(b) =y,
f(c) = z. Here f is Ng -closed map, but not a No§g -closed map. Since the image
of a nano closed set {a, b} in (U, (X)), f' {a,b} = {x,y} is not N§G—
closed in (V, or(Y)).

Theorem 3.26. Every N6 g -closed map is Ngs -closed map.

Proof. It is true that every Nog -closed set is Ngs -closed. 0

Remark 3.27. The converse of the above theorem is not true in general from
the following example shows.

Example 3.28. Let U = {a,b,c } with UR= {{a}, {b, c}} and X = {a}
with nano w(X) = {U, ¢, {a}}. Let V= {a, b, c} with V/R = {{c}, {a, b}}
and Y = {a, c} with nano topology or(Y)={V, ¢, {a, b}, {c}}. Define a
function f': (U, (X)) — (V, or(Y)) by f(a)=b, f(b) = a, f(c) =c . Then

clearly f'is Ngs-closed map. It is not a N6 g —closed map because {b, c} is
nano closed in (U, 1r(X)) but f{b, c}={a, c} is not N6g —closed in (V, or(Y)) .
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Theorem 3.29. Every N§g -closed map is Nog -closed map.
Proof. It is true that every N§g -closed set is Nog -closed.

Remark 3.30. The converse of the above theorem is not true in general from
the following example shows.

Example 3.31. Let U = {a, b, ¢} with U/R = {{a}, {b, ¢}, {b}} and X={a, b}
with nano topology w(X) = {U, ¢, {a, b}, {c}}. Let V={X,y, z} with V/R =
{{x}, {y,z}} and Y = {x, z} with nano topology or(Y ) = {V, ¢, {y, z}, {x}}.
Define a function f: (U, r(X)) — (V, or(Y )) by f(a) =y, f(b) =x, f(c) = z.

Here f'is Nog -closed map but is not a N6 g -closed map since {c} is nano closed
in (U, wr(X)), f{c} = {z} isnot N6g -closed in (V, or(Y)) .

Theorem 3.32. Every N§g-closed map is Nag -closed map.
Proof. It is true that every Nog -closed set is Nog -closed. 0

Remark 3.33. The converse of the above theorem is not true in general from
the following example shows.

Example 3.34. Let U= {a, b, ¢} with U/R = {{a, ¢}, {b}} and X={b} with nano

topology twr(X)={U, ¢, {b}}. Let V= {p, q, r} with V/R= {{p}, {q, 1}, {q}} and
Y={p, q} with nano topology cr(Y)={V, ¢, {p, q}, {r}}. Define a function f: (U,
wR(X))—(V, or(Y)) by f(a) = p, f(b) = q, f(c) =r. Here f is Nag-closed map but is
not a Nog -closed map since {a, ¢} is nano closed in (U, tr(X)),

f{a, c} = {p, r} is not N3G -closed in (V, or(Y)) .

Remark 3.35. The following diagram shows the relationships of N§g -closed
map with other known existing nano closed map. A — B represents A implies
but is not conversely.

1. N6 g-closed map, 2. Ndg -closed map, 3. Nag-closed map,
4. Ngs-closed map, 5. Ng-closed map.

Theorem 3.36. A map f: (U, wr(X))—(V, or(Y)) is N6G— closed if and only
if for each subset G of (V, or(Y)) and for each nano open set A of (U, tr(X))
Containing f'(G), there exists an N§g—open set B of (V, or(Y)) such
that GEB and £ '(B) [ A.
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Proof. Let f be an N§g— closed map and let G be an subset of (V, or(Y))
and A be an nano open set of (U, tr(X)) containing f'(G). Then U - A
is nano closed in (U, tr(X)). Since fis N6g— closed map, f(U - A) is N6 g
-closed set in (V, or(Y)). Hence V- f(U - A) is Nog—open set in (V, or(Y)).
Take B =V-f{ (U - A). Then B is Ndg-open set in (V, or(Y )) containing
G such that f'(B)A.
Conversely, let F be an nano closed subset of (U, tr(X)). Then f'(V — f(F ))
00 U —F and U — F is nano open. By hypothesis there is an N§g-open set B
of (V, or(Y)) such that V— f(F)[IB and f '(B) /U —F. Therefore, F[1U—f"'(B).
Hence V — Bl f(F )[1f(U — f /(B)) €V — B which implies f(F) = V — B and
hence f(F) is N&g -closed in (V, 6r(Y)). Thus fis an N3g-closed map. O

Theorem 3.37. Let f: (U, r(X))—(V, or(Y)) and g : (V, or(Y))—(W, nr(2))

be any two maps and g ° f: (U, w(X))—=(W, nr(Z)) be an N§g-closed map.
If f is nano continuous then g is Nég-closed.

Proof. Let B be nano closed in (V, or(Y)). Since fis nano continuous, f'(B)
is nano closed in (U, tr(X)). Since g ° fis N§g-closed, (g ° H)( £'(B)) is N 4-

closed in (W, nr(Z)). That is g(B) is N§g-closed in (W, nr(Z)). Hence g is
Nog-closed.

Theorem 3.38. A bijection f: (U, tr(X))—(V, or(Y)) is NdG-closed map iff
f(A) is Ndg-open in (V, or(Y)) for every nano open set A in (U, tr(X)).

Proof. Let f: (U, wr(X))—(V, or(Y)) is N6g-closed map and A be an nano
open set in (U, tr(X)). Then A® is nano closed in (U, tr(X)). Since fis N6 g-

closed map, f(A°)is Nog-closed set in (V, or(Y)). But f(A%)=[ f(A)]° and hence
[f(A)] is Nog-closed set in (V, or(Y)). Hence f(A) is Ndg-open in (V, or(Y)).
Conversely, f(A) is N6g-open in (V, or(Y)) for every nano open set A of

(U, (X)) then A°is nano closed set in (U, (X)) and [f(A)]° is a Nog-

closed in (V, or(Y)). But [ f(A)]*=f(A°) and hence f(A°®) is Ndg-closed in

(V, or(Y)). Therefore, f is Nog-closed map.
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