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Abstract
The mathematical modeling of the sulphide removal process with bio-filter columns is discussed.
This model contains a nonlinear term related to Michaelis-Menten kinetics. Two models were
proposed with the objective to study the effects of intra-film-gradient on the rate of the overall
process. A simple analytical expression for the concentration of sulphite has been derived for all
values of reaction parameters using the new homotopy perturbation method (NHPM). The
analytical results are also compared with numerical ones and a good agreement is obtained
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1.

Introduction

Biogas is a gas produced by fermentation of organic material such as animal waste,
household waste, agricultural waste, wastewater [1]. Biogas was composed of methane, carbon
dioxide, and hydrogen sulphide. Elimination of hydrogen sulphide in biogas was performed by a
physical and chemical process such as absorption [2, 3], scrubbing [4], adsorption [5] and
reactive absorption. Since physical and chemical processes are very expensive and produce other
waste, bio-filtration method [6] is used to remove sulphide compounds in biogas
Modeling in the process of gas and liquid waste handling using bio-filters include
Spignoet al. [7] in the elimination of phenol. Majumder et al. [8] in the process of removal of
divalent copper, Jaber et al.[9] in modeling bio-filters for hydrogen sulphide contained in the air.
Meena et al. [10] makes the mathematical modeling of the separation of a mixture of hydrophilic
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(methanol) and hydrophobic (α-Pinene), Santos et al. [11] used a mathematical model for the
removal of hydrogen sulphide by oxidation in the bio-filter, Kim and Deshusses [12] calculate
the mass transfer coefficient on the packing material used for bio-filter.
To the best of our knowledge, this is the first study reporting an exact analytical
expression of concentration of sulphide in biogas. The purpose of this communication is to
derive approximate analytical expressions for the concentration of sulphide using the homotopy
perturbation method. This analytical result will be useful for optimize the parameters on the
performance of the biofilters in removing compounds sulphide from biogas.

2. Mathematical formulation of the Problem
2.1 Model 1
In this model Lestari et al. [13, 14] assumes that biofilms are relatively thin, so there is no
concentration gradient in the biofilm. Therefore the concentration of sulphide in the biofilm is
uniform and equal to sulphide concentration at the surface of biofilm CS   CS i . The mass
balance equation of sulphidein the biofilm is:

C S k C
C g  H S *CS   rA

t


(1)

Where biodegradation rate constant
rA 

 max C S

(2)

CS  K S

The rate change of thickness of this biofilm is
YX

 S rA .
t


(3)

Using Eqn. (2), the Eqn.(1) can be written as
C S k C C g k C H S C S  max C S



t


CS  K S

(4)

Similarly Eqn. (3) can be written as
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YX
 C

 S max S 
t
 CS  K S

(5)

The material balance equation of the sulphide in the gas is,
C g
z



kC aS S
C g  H S *C S 
G

(6)

Solving the above eqns. (4) to (6)using the initial conditions,

Cs (t  0)  0,  (t  0)  0 and Cg (t  0)  (Cs ) i

(7)

weget the analytical expression of concentration sulphide in biofilm phase, thickness of the
biofilm and concentration of sulphide in the gas phase as follows:
C S (t ) 


  e  t




 (t ) 
e

i
 



  

Cg ( z, t ) 

(8)



exp   t   e  t 







(9)

 CS i e   z  e   z 
Cg i    CS i    e  z





     
        

(10)

where



kC C g i

 i

, 

kC H S

 i



 max

CS i  K S

,   CS i 




(11)

2.2 Model 2
In this the biofilm is considered relatively thick, so the value of Cs in the biofilm is considered to
be not uniform. The sulphide material balance equation in the biofilm is

 2C S
1
1 C S

rA 
2
De
De t
x

(12)

The initial and boundary conditions are,
t  0, C S  C S i
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C S
0
X

(14)

x  1, CS  1

(15)

Solving the non linear equation (14) using homotopy perturbation method we get
C S ( x, t )  e



t




   e
cosh  

cosh  x



t


cosh(m x) e  sn t



 16 
n 0

 4  

2

2n  1  2n  1

(16)
sinh(m)

where



 max

De C S i  K S 

, 

1
 2n  1
  2 2n  1
,m
, sn  
De
2

4

2

(17)

3. Numerical simulation
In order to investigate the accuracy of the HPM solution with a finite number of terms,
the system of differential equations are solved numerically. To show the efficiency of the present
method, our analytical results are compared with numerical results graphically. The analytical
solution of the concentrations of sulphide compared with simulation results in Figs. 2–4.Upon
comparison, it gives a satisfactory agreement for all values of the dimensionless parameters. The
detailed Matlab program for numerical simulation is provided inAppendix C.
4. Result and Discussion
Eqns.(8)-(10) represents analytical expressions of the concentrations of sulphide in biofilm
phase, thickness of the biofilm and concentration of sulphide in terms of parameters.Fig.(1)
represents concentration profile of sulphide in biofilm phase and thickness of biofilm versus time
in terms of for some fixed values of other parameters. From the figure, it is inferred that the
concentration of sulphide rises quickly and reaches the steady state value when t  0.06 . From
the Fig. (1) its also observed that the thickness of biofilm increases slowly with respect to time.
Fig.(2) represents the concentration of the sulphide in biofilm phase for various values of the
parameters. From the Fig. (2), its noted that concentration of sulphide increases when rate
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constant kC increases. Also, the concentration of sulphide decreases when

H S and  max

increases. There is no significant effect of the parameter k S in the concentration of sulphide.
Fig.(3) shows the effect of various parameter in the thickness of the biofilm. From the figure it is
inferred that thickness of the biofilm  t  increases when  max , kC and YX / S increases or

H S ,  and K S decreases. Fig.(4) depicts the concentration profile of sulphide for different value
of parameter  max and K S . Clearly as K S increases or  max decreases, concentration profile of
sulphide tendsto increaserapidly near the surface of the biofilm. Also, the concentration is
uniform when max  1 and K S  30 .
5. Conclusion
In this paper, the non-linear differential equations inbiofiltrationmodels have been solved
analytically. Approximateanalytical expressions pertaining to the concentrationsof sulphidein the
biofilm phase for all the valuesof parameters are obtained using the homotopy perturbation
method. This solution of the concentrations of sulphide is compared with the numerical
simulation results. This model is alsovalidated using simulation results. These analytical
resultsprovide a good understanding of the system and the optimizationof the parameters in
biofiltration model.
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Fig. 1. Concentration of sulphide in biofilm phase and thickness of the biofilm
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Fig. 2. Concentration of sulphide in biofilm for various values of parameters.
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Fig.3. Effect of various parameters in biofilm phase.
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Fig.4. Concentration of sulphide in biofilm for various values of parameters.

Appendix A: Basic concepts of the homotopy perturbation method (HPM)
To explain this method, let us consider the following function:

Do (u )  f (r )  0,

r 

(A.1)

with the boundary conditions of

Bo (u ,

u
)  0,
n

r

(A.2)

where Do is a general differential operator, Bo is a boundary operator, f (r ) is a known
analytical function and  is the boundary of the domain  . In general, the operator Do can be
divided into a linear part L and a non-linear part N . The eqn. (A.1) can therefore be written as
L(u )  N (u )  f (r )  0

(A.3)

By the Homotopy technique, we construct a Homotopy v(r , p) :   [0,1]   that satisfies

Volume 9, Issue 4, 2019

136

https://pramanaresearch.org/

Pramana Research Journal

ISSN NO: 2249-2976

H (v, p)  (1  p)[L(v)  L(u 0 )]  p[ Do (v)  f (r )]  0.

(A.4)

H (v, p)  L(v)  L(u 0 )  pL(u 0 )  p[ N (v)  f (r )]  0.

(A.5)

wherep  [0, 1] is an embedding parameter, and u 0 is an initial approximation of eqn. (A.1) that
satisfies the boundary conditions. From eqns. (A.4) and (A.5), we have

H (v,0)  L(v)  L(u 0 )  0

(A.6)

H (v,1)  Do (v)  f (r )  0

(A.7)

When p=0, the eqns. (A.4) and (A.5) become linear equations. When p =1, they become nonlinear equations. The process of changing p from zero to unity is that of L(v)  L(u0 )  0 to

Do (v)  f (r )  0 . We first use the embedding parameter p as a “small parameter” and assume
that the solutions of eqns. (A.4) and (A.5) can be written as a power series in p :

v  v0  pv1  p 2 v2  ...

(A.8)

Setting p  1 results in the approximate solution of the eqn. (A.1):

u  lim v  v0  v1  v2  ...

(A.9)

p 1

This is the basic idea of the HPM.

Appendix B: Analytical solution of Eqns. (1) and (3)
Using the HPM, we construct a homotopy for Eqns. (1) and (4)as follows:
 C S

1  p 

 t



k C C g t  0

 (t  0)

 k H
 max
  C S 
  (t  0) C S (t  0)  K S

kC C g  kC H S
 C
 max
 p S 
 


CS  K S
 t
 

YX




S  max C S  
1  p  

t
 CS  K S 



 
C S 
 



C S   0



YX




S  max C S  
p 
0
t
 CS  K S 



(B.1)

(B.2)

C S  C S 0  p C S 1  p 2 C S 2  p 3 C S 3  ..........

(B.3)

   0  p  1  p 2  2  p 3  3  ........

(B.4)

where p is the impeding parameter and p  0,1 .Comparing the coefficient of p on both sides
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C S kC C g i  kC H S
 max

 

 i   i CS i  K S
t


C S  0



(B.5)

YX
 max C S 

p :
 S
0
t
 C S i  K S
0

(B.6)

Solving the eqns. (B.5) and (B.6) we get
C S (t ) 


  e  t


i

 (t ) 
e

 


  

(B.7)



exp   t   e  t 







(B.8)

where the constant



kC C g i

 i

, 

kC H S

 i



 max

CS i  K S

,   CS i 




(B.9)

Appendix C: Analytical solution of Eqn. (10) in model 2
In this appendix, we indicate how Eqns. (18) - (21) in this paper are derived. Furthermore, a
homotopy was constructed to determine the solution of Eqn. (11) as follows:
  2CS
1 C S


2
2
  CS

De t
 max
1 C S
1
 x
(1  l ) 


l
2
De t
De C S t  0   K S 
 max
1
 x

 De C S  K S



0




(C.1)

wherel is the impeding parameter and l  0,1 .The initial and boundary conditions are,
t  0, C S  C S i

x  0,

(C.2)

C S
0
X

(C.3)

x  1, CS  1

(C.4)

The approximate solutions of (A1) is

CS  CS 0  l CS 1  l 2 CS 2  l 3 CS 3  ....

(C.5)

Substituting the Eqns. (C5)into Eqns.(C1) and comparing the coefficients of like powers lwe get
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 2 C S 0 1 C S 0 1
 max


0
2
De t
De C S i  K S
x

(C.6)

we can find the following result
C S ( x)  limC S ( x)  C S 0

(C.7)

p 1

CS ( x)  e



t




 
 

t



cosh  x
cosh(m x) e  sn t
 e   16 
2
cosh 
n 0  4   2n  1  2n  1 sinh( m)





(C.8)

where



 max

De CS i  K S 

, 

1
 2n  1
  2 2n  1
, m
, sn  
De
2

4

2

(C.9)

Appendix D: Matlab program for the numerical solution of Eqns. (1) and (4)
function main1
options= odeset('RelTol',1e-6,'Stats','on');
Xo = [0.01,0.01];
tspan = [0,0.16];
tic
[t,X] = ode45(@TestFunction,tspan,Xo,options);
toc
figure
holdon
plot(t, X(:,1))
plot(t, X(:,2))
return
function [dx_dt]= TestFunction(t,x)
csi=0.01,cgi=0.1,deltai=0.01,kc=0.85,hs=0.7,umax=9.3,yxs=60,row=1,ks=4;
alpha=(kc*(cgi)/(deltai));
beta=(kc*hs/(deltai))+(umax/(csi+ks));
gama=(yxs*umax)/(row*(csi+ks));
dx_dt(1)=alpha-(beta*x(1))
dx_dt(2)=(gama*x(1)*x(2));
dx_dt = dx_dt';
return
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Appendix E: Matlab program for the numerical solution of Eqn. (10)
function main
m = 0;
x = linspace(0,1);
t = linspace(0,1);
sol = pdepe(m,@pdex4pde,@pdex4ic,@pdex4bc,x,t);
u1 = sol(:,:,1);
figure
plot(x,u1(end,:))
title('u1(x,t)')
xlabel('Distance x')
ylabel('u1(x,2)')
%——————————————————————
function [c,f,s] = pdex4pde(x,t,u,DuDx)
c = [1];
f = [1].*DuDx;
a=9.3;ks=30;ci=1;
F1=-(a*u(1))/(ci+ks);
s = [F1];
% ————————————————————–
function u0 = pdex4ic(x)
u0 = [1];
% ————————————————————–
function [pl,ql,pr,qr] = pdex4bc (xl,ul,xr,ur,t)
pl = [0];
ql = [1];
pr = [ur(1)-1];
qr = [0];
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