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1. Introduction and Preliminaries

Roldan et al. [14] introduced the notion of multidimensional fixed/coincidence
point which extended and generalized the fixed point results to higher dimen-
sions. They used permutations of variables and distinguished between the first
and the last variables.

In order to fix the framework needed to state our main results, we recall the
following notions. For simplicity, we denote from now on X x X x ... x X (n
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times) by X™, where n € N with n > 2 and X is a non-empty set. Let {A,
B} be a partition of the set A, = {1, 2, ..., n}, that is, A and B are nonempty
subsets of A, such that AUB = A,, and AN B = ). We will denote Q4 5 =
{o: A, = A, :0(A) C A o(B)C B} and Q;"B ={o: A, — A, :0(4) C B,
o(B) C A}. Henceforth, let o1, o2, ..., 0, be n mappings from A, into itself
and let T be the n—tuple (o1, 03, ..., 0,). Let F: X™ - X and g: X — X be
two mappings. For brevity, we denote g(x) by gz where z € X.

A partial order < on X can be extended to a partial order C on X™ in the
following way. If (X, <) be a partially ordered space, z, y € X and i € A,,, we
will use the following notations:

<, = ' .
m_zyi{ziy,ifiGB. (1.1)

Consider on the product space X™ the following partial order: for Y = (y1, ya,
vy Yiy eeny yn)a V= (’Ula U2y woey Ugy oeny Un) € Xn’

YOV Sy X;0;. (1.2)

Notice that C depends on A and B. We say that two points Y and V are
comparable, if Y C V or V C Y. Obviously, (X", C) is a partially ordered set.

Definition 1.1 [9, 14, 15]. A point (z1, 22, ..., ) € X" is called a
T —coincidence point of the mappings F': X™ — X and g : X — X if

F(IEoi(l), Toy(2) oo xoi(n)) = gx;, for all i € A,,.

If g is the identity mapping on X, then (x4, xa, ..., ,,) € X™ is called a T—fixed
point of the mapping F.

It is clear that the previous definition extends the notions of coupled, tripled,
and quadruple fixed points. In fact, if we represent a mapping o : A, — A,
throughout its ordered image, that is, o = (o(1), o (2), ..., o (n)), then

(7) Gnana-Bhaskar and Lakshmikantham’s coupled fixed points occur when
n=2,01=(1,2)and 02 = (2, 1),

(#4) Berinde and Borcut’s tripled fixed points are associated with n = 3,
o1=1(1,2,3),00=1(2,1,2) and 03 = (3, 2, 1),

(7i1) Karapinar’s quadruple fixed points are considered when n =4, o1 = (1,
2,3,4),00=1(2,3,4,1),05=(3,4,1,2) and 04 = (4, 1, 2, 3).

These cases consider A as the odd numbers in {1, 2, ..., n} and B as its even
numbers.

Definition 1.2 [14]. Let (X, =) be a partially ordered space. We say that
F has the mixed (g, <)-monotone property if F' is g-monotone non-decreasing
in arguments of A and g-monotone non-increasing in arguments of B, that is,
for all 1, zo, ..., Tn, ¥y, 2 € X and all 1,

qy 2 gz = F(fl?h ey Li—1,Y, Ty 1, ...,J,‘n) =i F’($17 vy Lj—1y 2y Tt 1, ...,an).
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Definition 1.3 [15, 17]. Let (X, d) be a metric space and define A, p,, :
X" x X" — [0, 4+00), for Y = (y1, Y2, -, Yn), V = (v1, v2, ..., Uy) € X" by

n

1
An(Y, V) == d(yi, vi) and p, (Y, V) = max d(yi, vi).

: 1<i<n
=1

Then A,, and p,, are metric on X™ and (X, d) is complete if and only if (X™,
A,,). Similarly (X, d) is complete if and only if(X™, p,,) are complete. It is easy
to see that

A (YE Y) — 0(ask— o0) < d(yF, vi) — 0 (as k — o),
and p,(Y*, V) — 0(ask — o0) d(yF, y;) — 0 (as k — 00), i € A,
where Y* = (yF, o5, ..., y¥) and Y = (y1, y2, - Yn) € X"

Lemma 1.1 [15, 17, 18]. Let (X, d, <) be a partially ordered metric space
and let F': X" — X and g : X — X be two mappings. Let T = (o1, o2, ...,
on) be an n—tuple of mappings from A,, into itself verifying o; € Q4 pifi € A
and o; € Q;‘,B if i € B. Define Fy, G : X" — X", for all y1, y2, ..., yn € X, by

F(Yo (1) Yor(2)r -+ Yoi(n))

FT(yla Y2, - yn) = F(yoz(l)a Yo2(2)5 -+ yag(n))7 ; (]-3)
oy FWon(1)s Yon(2)s > Yon(n))
and
G(Y1, Y2, s Yn) = (Y15 GY2, o GYn)- (1.4)

(1) If F has the mixed (g, =)—monotone property, then Fy is monotone (G,
C)—non-decreasing,.

(2) If F' is d—continuous, then Fy is A, —continuous and p,, —continuous.

(3) If g is d—continuous, then G is A, —continuous and p,, —continuous.

(4) A point (y1, Y2, ..., Yyn) € X™ is a T—fixed point of F if and only if (y1,
Y2, -y Yn) is a fixed point of Fx.

(5) A point (y1, Y2, ..., yn) € X™ is a T—coincidence point of F' and ¢ if and

only if (y1, yo, ..., Yn) is a coincidence point of Fy and G.
(6) If (X, d, <) is regular, then (X", A,, C) and (X", p,, C) are also
regular.

The commutativity and compatibility of the mappings are defined as follows.

Definition 1.4 [14]. We will say that two mappings T, g : X — X are
commuting if g7 = Tgx for all x € X. We will say that F' : X" — X and
g: X — X are commuting if gF(z1, 2, ..., Tn) = F(921, gx2, ..., g2,) for all
T1, T2y vy Ty € X.

The following notion was introduced in order to avoid the necessity of com-
mutativity.
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Definition 1.5 [1, 4, 8, 11]. Let (X, d, <) be a partially ordered metric
space. Two mappings T, g : X — X are said to be O-compatible if
lim d(¢Tx,, Tgx,) =0,
n—oo
provided that {z,} is a sequence in X such that {gx,} is <-monotone, that is,
it is either non-increasing or non-decreasing with respect to < and
lim Tz, = lim gz, € X.
n—oo n—oo
The natural extension to an arbitrary number of variables is the following one.
Definition 1.6 [1]. Let (X, d, <) be a partially ordered metric space and let
F:X" — X and g : X — X be two mappings. Let T = (01, 09, ..., 0,,) be an
n—tuple of mappings A,, into itself verifying o, € Q4 p if i € A and o; € QAB
if i € B. We will say that (F), g) is a (O, T)—compatible pair if, for all i € A,,,

llm d(gF(mfnL(l), mO-L(z), e xgl(n))’ F(gxg{(l)7 g:rfnf(z)’ AR gxg?’;(n))) :O’

m m
m—0o0

whenever {z! }, {22}, ..., {27} are sequences in X such that {gzl }, {922},

oy {gz?} are = —monotone and
é@mF(xg;“), g2 @ i)y = lim_gz;, € X, for all i € Ay

Lemma 1.2 [1]. If F and ¢ are (O, T)-compatible, then Fy and G are
O-compatible.

The following definitions are usual in the field of fixed point theory.

Definition 1.7 [1]. A partially ordered metric space (X, d, <) is said to
be non-decreasing-regular (respectively, non-increasing-regular) if for every se-
quence {z,} C X such that {z,} — = and z,, < 2,11 (respectively, x,, = Tp11)
for all n > 0, we have that z, < x (respectively, z,, > x) for all n > 0. (X, d,
=) is said to be regular if it is both non-decreasing-regular and non-increasing-
regular.

Definition 1.8 [5]. Let (X, <) be a partially ordered set and let T, g : X —
X be two mappings. We say that T is (g, <)-non-decreasing if Tz < Ty for all
z, y € X such that gz < gy. If g is the identity mapping on X, we say that T
is =-non-decreasing.

Remark 1.2 [5]. If T is (g, <)-non-decreasing and gz = gy, then Tz = Ty.
It follows that

_ 9T = gy, Tz X Ty, _
gw—gy:{ oy < gz }:>{ Ty < Tx = Tz =Ty.

Definition 1.9 [16]. An altering distance function is a function % : [0, +00) —
[0, +00) which satisfied the following conditions:
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(4y) 9 is continuous and non-decreasing,
(ity) (t) = 0 if and only if t = 0.

In this research paper, we obtain some coincidence point theorem for g-
non-decreasing mappings under generalized (1, 0, p)-contraction on a partially
ordered metric space. Furthermore, we show how multidimensional results can
be seen as simple consequences of our unidimensional coincidence point theorem.
We modify, improve, sharpen, enrich and generalize the results of Alotaibi and
Alsulami [2], Alsulami [3], Harjani et al. [6], Harjani and Sadarangani [7], Luong
and Thuan [10], Nieto and Rodriguez-Lopez [12], Razani and Parvaneh [13] and
many other famous results in the literature.

2. Main results

Theorem 2.1. Let (X, d, <) be a partially ordered metric space and let T,
g : X — X be two mappings such that the following properties are fulfilled:

(i) T(X) C g(X),

(#4) T is (g, <)-non-decreasing,

(1) there exists zg € X such that gzo < Tz,

(iv) there exist an altering distance function 1, an upper semi-continuous
function 6 : [0, +00) — [0, +00) and a lower semi-continuous function ¢ : [0,
+00) — [0, +00) such that

Y (d(Tx, Ty)) <0 (d(gz, gy)) — ¢ (d(gz, gy)),

for all z, y € X such that gz < gy, where 6(0) = ¢(0) = 0 and ¥ (¢)—0(t)+p(t) >
0 for all ¢ > 0. Also assume that, at least, one of the following conditions holds.

(a) (X, d) is complete, T and g are continuous and the pair (T, g) is O-
compatible,

(b) (X, d) is complete, T and g are continuous and commuting,

(¢) (9(X), d) is complete and (X, d, =) is non-decreasing-regular,

(d) (X, d) is complete, g(X) is closed and (X, d, <) is non-decreasing-regular,

(e) (X, d) is complete, g is continuous, the pair (7T, g) is O-compatible and
(X, d, <) is non-decreasing-regular.

Then T and g have a coincidence point.

Proof. We divide the proof into four steps.

Step 1. We claim that there exists a sequence {x,, } >0 C X such that {gz, }
is <-non-decreasing and gx,,+1 = Tz, for all n > 0. Starting from z¢ € X given
in (447) and taking into account that Tzo € T(X) C g(X), there exists z; € X
such that Tzg = gx1. Then gxo < Txo = gx;. Since T is (g, <)-non-decreasing,
Tzg = Txy. Now Tx; € T(X) C g(X), so there exists x5 € X such that
Tz, = gxo. Then gx; = Tag < Tx1 = gas. Since T is (g, =<)-non-decreasing,
Tz = Txzs. Repeating this argument, there exists a sequence {x,},>0 such
that {gz,} is =-non-decreasing, gz, 1 = Txp, = TZp11 = gLy and

gxpt1 = Txy,, for all n > 0.

Step 2. We claim that {d(gzn, gznt1)} — 0.
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Now, by contractive condition (iv) and (i), we have
P (dgrns1, gEni2)) = (AT, Trpi)) (2.1)
< 0(d(gzn, g2ni1)) = 0 (d(g2n; gTnt1))-

But we have ¢ (d(gmrn g$n+1)) - e(d(gxna gxn+1)) + (p(d(gxnv ganrl)) > 0.
Then

g (d(gxm gmn+1)) — ¢ (d(gxnv gl‘n-‘rl))
¥ (d(9Zn, 9Tn+1))

Y (d(gTns1, 9Tni2))
Y (d(9Tn, 9Tni1))

Thus

< 1.

<

Y (d(gTnt1, 9Tnt2)) <P (d(gTn, gTni1))-

Since 1 is non-decreasing, therefore

d(gTnt1, 9Tn+2) < d(gTn, gTni1).
This shows that the sequence {4,}°2, defined by 6, = d(g9xn, gTni1), is a

decreasing sequence of positive numbers. Then there exists § > 0 such that

lim ¢, = lim d(gz,, gxnt+1)=0. (2.2)

We shall prove that § = 0. Suppose to the contrary that § > 0. Taking n — oo
n (2.1), by using the property of ¥, 8, ¢ and (2.2), we obtain

P(8) < 0(6) — »(4),
S0
¥(6) —0(8) + ¢(8) <0,
which is a contradiction. Thus, by (2.2), we get

0 = lim §, = lim d(gz,, grni1) =0. (2.3)
n—oo

n—00

Step 3. We claim that {gz,},>0 is a Cauchy sequence in X. Suppose that
{gzn}n>0 is not a Cauchy sequence. Then there exists an € > 0 for which we
can find two sequences of positive integers {m(k)} and {n(k)} such that for all
positive integers k, and

d(GTr (k) 9Tmk)) > € for n(k) > m(k) > k.
Assuming that n(k) is the smallest such positive integer, we get
d(9Tn(k)-1, 9Tm(r)) < €
Now, by triangle inequality, we have

€ d(gxn(k)v gmm(k))
d(gzn(k), gw7t(k)—1)+d(gaj7t(k)—1a gm'm(k))

d(GTr (k) 9Tn(k)—1) + €,

VAR VAN VAN
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Letting k — oo in the above inequality, by using (2.3), we have
lim d =ec. 2.4
M d(gznr), gmr)) = € (2.4)
By the triangle inequality, we have

AGZnk)+1, 9Tmky+1) < AGZnk)+1, 9Tnk)) + AGTn(k)s ITm(k))
F+d(9Tm(k)s 9Tm(k)+1)-

Letting k — oo in the above inequalities, using (2.3) and (2.4), we have
Jm d(9Tn(k)y+15 9Tm(k)+1) = €- (2.5)
As n(k) > m(k), 9Znk) = 9Tm(k), Dy using contractive condition (iv), we have

Y (d(gTny+1, 9Tmy+1)) = U (d(Tzn@y, Tomm))
< 0 (d(gmn(k‘)v gmm(k))) Z (d(gxn(k), gwm(k‘))) .

Letting £k — oo in the above inequality, by using the property of v, 6, ¢ and
(2.4), (2.5), we have

P(e) < b(e) — (o),

which is a contradiction due to & > 0. This shows that {gz,},>0 is a Cauchy
sequence in X.

Step 4. We claim that 7" and ¢ have a coincidence point distinguishing
between cases (a) — (e).

Suppose now that (a) holds, that is, (X, d) is complete, T' and ¢ are contin-
uous and the pair (7, g) is O-compatible. Since (X, d) is complete, therefore
there exists z € X such that {gx,} — z. Now T, = gz, for all n > 0, we
also have that {Tx,} — 2. As T and g are continuous, then {Tgz,} — Tz
and {ggx, } — gz. Taking into account that the pair (T, g) is O-compatible, we
deduce that lim,,_, d(¢Txy,, Tgx,) = 0. In such a case, we conclude that d(gz,
Tz) = limp oo d(99Tnt1, T9xy) = lim, o d(gTz,, Tgx,) = 0, that is, z is a
coincidence point of T and g.

Suppose now that (b) holds, that is, (X, d) is complete, T' and g are contin-
uous and commuting. It is obvious because (b) implies (a).

Suppose now that (¢) holds, that is, (g(X), d) is complete and (X, d, <)
is non-decreasing-regular. As {gz,}n>0 is a Cauchy sequence in the complete
space (g(X), d), so there exist y € g(X) such that {gz,} — y. Let z € X be
any point such that y = gz. In this case {gz,,} — gz. Indeed, as (X, d, <) is
non-decreasing-regular and {gx,,} is =-non-decreasing and converging to gz, we
deduce that gz, < gz for all n > 0. Applying the contractive condition (iv),

Y (d(gons1, T2)) = ¢ (d(Twn, T2)) <0 (d(g2n, 92)) — ¢ (d(gTn, 92)).

On taking n — oo in the above inequality, we get d(gz, Tz) = 0, that is, z is a
coincidence point of T and g.
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Suppose now that (d) holds, that is, (X, d) is complete, g(X) is closed and
(X, d, <) is non-decreasing-regular. It follows from the fact that a closed subset
of a complete metric space is also complete. Then, (¢(X), d) is complete and
(X, d, X) is non-decreasing-regular. Thus (c¢) is applicable.

Suppose now that (e) holds, that is, (X, d) is complete, g is continuous, the
pair (T, g) is O-compatible and (X, d, <) is non-decreasing-regular. As (X, d)
is complete, so there exists z € X such that {gx,,} — z. Since Tx,, = gxp41 for
all n > 0, we also have that {Tx,} — z. As g is continuous, then {ggx,} — gz.
Furthermore, since the pair (T, g) is O-compatible, we have lim,,_,~, d(g92n+1,
Tgx,) = lim, o d(gTx,, Tgx,) = 0. As {ggz,} — gz, the previous property
means that {Tgz,} — gz.

Indeed, as (X, d, <) is non-decreasing-regular and {gz,, } is <-non-decreasing
and converging to z, we deduce that gz, =< z for all n > 0. Applying the
contractive condition (iv), we get

Y (d(Tgxn, Tz)) < 0(d(ggen, g2)) — ¢ (d(ggrn, gz)).

Taking n — oo in the above inequality, we get d(gz, Tz) = 0, that is, z is a
coincidence point of T' and g.

If we take 1(t) =t and ¢(¢t) = 0 for all ¢ > 0 in Theorem 2.1, we obtain the
following corollary.

Corollary 2.2. Let (X, d, <) be a partially ordered metric space and let
T, g : X — X be two mappings satisfying (i) — (i44) of Theorem 2.1 and there
exists an upper semi-continuous function 6 : [0, +00) — [0, +00) such that

d(Tz, Ty) <0 (d(gz, gy)),

for all z, y € X such that gz < gy, where #(0) =0 and ¢t —6(t) > 0 for all ¢ > 0.
Also assume that, at least, one of the conditions (a) — (e) of Theorem 2.1 holds.
Then T and g have a coincidence point.

If we take p(t) = 0 and 0(¢) = ki (t) with 0 < k < 1, for all ¢ > 0 in Theorem
2.1, we have the following corollary.

Corollary 2.3. Let (X, d, <) be a partially ordered metric space and let
T, g: X — X be two mappings satisfying (i) — (4i¢) of Theorem 2.1 and there
exists an altering distance function v such that

Y (d(Tx, Ty)) < kY (d(gz, gy)),

for all z, y € X such that gr < gy. Also assume that, at least, one of the
conditions (a) — (e) of Theorem 2.1 holds. Then T and g have a coincidence
point.

If we take ¢(t) = 6(¢) for all ¢ > 0 in Theorem 2.1, we obtain the following
corollary.

Corollary 2.4. Let (X, d, <) be a partially ordered metric space and let
T, g : X — X be two mappings satisfying (i) — (i44) of Theorem 2.1 and there
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exist an altering distance function ¢ and a lower semi-continuous function ¢
: [0, +00) — [0, +00) such that

Y (d(Tz, Ty)) < (d(gz, gy)) — » (d(gz, gy)),

for all z, y € X such that gz < gy, where ¢(0) = 0. Also assume that, at least,
one of the conditions (a) — (e) of Theorem 2.1 holds. Then T and g have a
coincidence point.

If we take 9(t) = 0(t) =t for all ¢ > 0 in Theorem 2.1, we get the following
corollary.

Corollary 2.5. Let (X, d, <) be a partially ordered metric space and let
T, g : X — X be two mappings satisfying (i) — (i4¢) of Theorem 2.1 and there
exists a lower semi-continuous function ¢ : [0, +00) — [0, +00) such that

for all z, y € X such that gz < gy, where ¢(0) = 0. Also assume that, at least,
one of the conditions (a) — (e) of Theorem 2.1 holds. Then T and g have a
coincidence point.

If we take ¥(t) = 0(¢t) =t and ¢(t) = (1 — k)t with k < 1 for all ¢ > 0 in
Theorem 2.1, we get the following corollary.

Corollary 2.6. Let (X, d, <) be a partially ordered metric space and let
T, g: X — X be two mappings satisfying (i) — (4i7) of Theorem 2.1 and

d(Tz, Ty) < kd(gz, gy),

for all z, y € X such that gz < gy, where k£ < 1. Also assume that, at least,
one of the conditions (a) — (e) of Theorem 2.1 holds. Then T and g have a
coincidence point.

Example 2.1. Let X = R be a metric space with the metricd : X x X — [0,
+00) defined by d(z, y) = |z —y|, for all z, y € X, with the natural ordering
of real numbers <. Let T, g : X x X — X be defined as

22
T:c:; and gz = 22 for all z € X.

Clearly, T and g satisfied the contractive condition of Theorem 2.1 with v (t) =
0(t) =t and ¢(t) = 2 for t > 0. In addition, all the other conditions of Theorem
2.1 are satisfied and z = 0 is a coincidence point of T and g.

3. Multidimensional coincidence point results
Next we give an n—dimensional fixed point theorem for mixed monotone

mappings' For breVitYa (yh Y2, - yn)a (’Ula V2, -ty Un) and (yéa y(2)7 ) yg) will
be denoted by Y, V and Y} respectively.
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Lemma 3.1. Let (X, d, <) be a partially ordered metric space and let
F:X" — X and g: X — X be two mappings. Then

(1) If there exist yi, v, ..., y& € X verifying gy} =i F(yol(l), yg"@), s
ygi(n))7 for all 4 € A,,, then there exists Yy € X™ such that G(Yy) C Fy(Yp).

(2) If there exist an altering distance function 1), an upper semi-continuous
function 6 : [0, +00) — [0, +00) and a lower semi-continuous function ¢ : [0,
+00) — [0, +00) such that

Y (d(F(y1, Y2, - Yn), Flv1, vay ooy Up))) (3.1)
< 6 (ggag d(gyi, gvz)) - (1@% d(gyi, gvz)) ,

for which y;, v; € X such that gy; <; gv; for all i € A,,, where 6(0) = ¢p(0) =0
and ¥ (t) — 0(¢) + ¢(t) > 0 for all ¢ > 0, then

P (pn(Fr(Y), Fr(V))) <0(p,(GY), G(V))) = ¢ (p,(G(Y), G(V))), (3.2)

forall Y, V € X" with G(Y) C G(V).

Proof. (1) is obvious.

(2) Suppose that G(Y) C G(V) for Y, V € X™. For fixed ¢ € A, we have
Yo (t) =t GV, 1) for t € Ay, From (3.1), we have

VY (d(F Yoi(1)s Yoi(2)s - Yoi(n)s FVoi(1)s Vos(2)s s Vos(n))))

< _
< 6 < [max d(gyi, ng) ® (lrgag d(gyi, gv1)> , (3.3)

for all ¢ € A. Similarly, for fixed i € B, we have gy, 1) =¢ gVo, (1) for t € A, It
follows from (3.1) that

(3.
(d F y01(1)7 Yoi(2)s -+ ytn(n))? F(voi(l)a Voi(2)s =+ vai(n))))

< A(F(Voi(1)s Voy(2)s s Voy(n)s FWoi(1)s Yos(2)s o Yoi(n))))
< 0 <1rgza<x d(9yi, gvz)) - (ggag d(9yi, gvz)> ; (4.4)

for all ¢ € B. By (1.2), (1.3), (1.4), (3.3), (3.4) and ¢ is non-decreasing, we have

U (pn(Px(Y), Pr(V))) <0(p,(G(Y), G(V))) — ¢ (p,(G(Y), G(V))),
for all Y, V € X" with G(Y) C G(V).

Theorem 3.1. Let (X, <) be a partially ordered set and suppose that there
is a metric d on X such that (X, d) is a complete metric space. Let F': X" — X
and g : X — X be two mappings and Y = (o1, 09, ..., 0,) be an n—tuple of
mappings from A, into itself verifying o; € Qap if i € A and o; € Q;LB if
i € B. Suppose that the following properties are fulfilled:

(i) F(X") C g(X),
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(#4) F has the mixed g-monotone property,

(iii) there exist yd, v2, ..., y& € X verifying gyd =i F(yg i), y81(2)
yg ™), for all i € A,,

(iv) there exist an altering distance function ¢, an upper semi-continuous
function 6 : [0, +00) — [0, +00) and a lower semi-continuous function ¢ : [0,
+00) — [0, +00) satisfying (3.1) for which y;, v; € X such that gy; =<; gv; for
all i € A, where 6(0) = ¢(0) = 0 and ¥(t) — 0(t) + ¢(t) > 0 for all £ > 0. Also
assume that at least one of the following conditions holds,

(a) (X, d) is complete, F' and g are continuous and the pair (F, g) is (O,
T)-compatible,

(b) (X, d) is complete, F and g are continuous and commuting,

(¢) (9(X), d) is complete and (X, d, <) is non-decreasing-regular,

(d) (X, d) is complete, g(X) is closed and (X, d, <) is regular,

(e) (X, d) is complete, g is continuous, the pair (F, g) is (O, T)-compatible
and (X, d, <) is non-decreasing-regular.

Then F and g have a T—coincidence point.

Proof. It is only necessary to apply Theorem 2.1 to the mappings T = Fr
and g = G in the ordered metric space (X", p,,, C) taking into account all items
of Lemma 1.1, Lemma 1.2 and Lemma 3.1.

g eeey

Theorem 3.2. Let (X, <) be a partially ordered set and suppose that there
is a metric d on X such that (X, d) is a complete metric space. Let F': X" — X
and g : X — X be two mappings and Y = (o1, 02, ..., 0,) be an n—tuple of
mappings from A, into itself verifying o; € Qa p if i € A and o; € Qypif
t € B. Suppose that the following properties are fulfilled:

(i) F(X") C g(X),

(#4) F has the mixed g-monotone property,

(iii) there exist yd, v3, ..., y& € X verifying gyl =<: F(yg ai(1) ygi@)
yg ™), for all i € A,,

(iv) for which there exist an altering distance function ), an upper semi-
continuous function 6 : [0, +00) — [0, +00) and a lower semi-continuous func-
tion ¢ : [0, +00) — [0, +00) such that

g eeey

( Zd (Yoi(1)s Yoi(2)r 5 Yoi(n))s F(Voi(1)s Voy(2) oo U(n(’ﬂ))))

0 (izd(gyu gw)) - (7112 9Yi, gU;i ) , (3.5)

for which y;, v; € X such that gy; <; gv; for all ¢ € A,,, where 6(0) = ¢(0) =0
and ¥(t) — 0(t) + p(t) > 0 for all ¢ > 0. Also assume that at least one of the
following conditions holds,

(a) (X, d) is complete, F' and g are continuous and the pair (F, g) is (O,
T)-compatible,

(b) (X, d) is complete, F and g are continuous and commuting,

Volume 9, Issue 3, 2019 718 https://pramanaresearch.org/


SRIKANTH
Textbox


Pramana Research Journal ISSN NO: 2249-2976

(¢) (9(X), d) is complete and (X, d, <) is non-decreasing-regular,

(d) (X, d) is complete, g(X) is closed and (X, d, <) is regular,

(e) (X, d) is complete, g is continuous, the pair (F, g) is (O, T)-compatible
and (X, d, <) is non-decreasing-regular.

Then F' and g have a T—coincidence point.

Proof. Notice that the contractive condition (3.5) means that

V(An(Fr(Y), Fr(V))) <0(An(GY, GV)) — o(An(GY, GV)),

forall Y, V € X™ with Y C V. Therefore it is only necessary to use Theorem
2.1 to the mappings T'= Fy and g = G in the ordered metric space (X", A,
C) taking into account all items of Lemma 1.1 and Lemma 3.1.

In a similar way, we may state the results analog of Corollary 2.2, Corollary
2.3, Corollary 2.4, Corollary 2.5 and Corollary 2.6 for Theorem 3.1 and Theorem
3.2.
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