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1. Introduction and Preliminaries
Roldan et al. [14] introduced the notion of multidimensional �xed/coincidence

point which extended and generalized the �xed point results to higher dimen-
sions. They used permutations of variables and distinguished between the �rst
and the last variables.
In order to �x the framework needed to state our main results, we recall the

following notions. For simplicity, we denote from now on X � X � ::: � X (n
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times) by Xn; where n 2 N with n � 2 and X is a non-empty set. Let fA;
Bg be a partition of the set �n = f1; 2; :::; ng; that is, A and B are nonempty
subsets of �n such that A [ B = �n and A \ B = ;: We will denote 
A;B =
f� : �n ! �n : �(A) � A; �(B) � Bg and 
0

A;B = f� : �n ! �n : �(A) � B;
�(B) � Ag: Henceforth, let �1; �2; :::; �n be n mappings from �n into itself
and let � be the n�tuple (�1; �2; :::; �n): Let F : Xn ! X and g : X ! X be
two mappings. For brevity, we denote g(x) by gx where x 2 X:
A partial order � on X can be extended to a partial order v on Xn in the

following way. If (X; �) be a partially ordered space, x; y 2 X and i 2 �n; we
will use the following notations:

x �i y )
�
x � y; if i 2 A;
x � y; if i 2 B: (1:1)

Consider on the product space Xn the following partial order: for Y = (y1; y2;
:::; yi; :::; yn); V = (v1; v2; :::; vi; :::; vn) 2 Xn;

Y v V , yi �i vi: (1:2)

Notice that v depends on A and B: We say that two points Y and V are
comparable, if Y v V or V v Y: Obviously, (Xn; v) is a partially ordered set.

De�nition 1.1 [9; 14; 15]: A point (x1; x2; :::; xn) 2 Xn is called a
��coincidence point of the mappings F : Xn ! X and g : X ! X if

F (x�i(1); x�i(2); :::; x�i(n)) = gxi; for all i 2 �n:

If g is the identity mapping on X; then (x1; x2; :::; xn) 2 Xn is called a ���xed
point of the mapping F:

It is clear that the previous de�nition extends the notions of coupled, tripled,
and quadruple �xed points. In fact, if we represent a mapping � : �n ! �n
throughout its ordered image, that is, � = (�(1); � (2); :::; � (n)); then
(i) Gnana-Bhaskar and Lakshmikantham�s coupled �xed points occur when

n = 2; �1 = (1; 2) and �2 = (2; 1);
(ii) Berinde and Borcut�s tripled �xed points are associated with n = 3;

�1 = (1; 2; 3); �2 = (2; 1; 2) and �3 = (3; 2; 1);
(iii) Karapinar�s quadruple �xed points are considered when n = 4; �1 = (1;

2; 3; 4); �2 = (2; 3; 4; 1); �3 = (3; 4; 1; 2) and �4 = (4; 1; 2; 3):
These cases consider A as the odd numbers in f1; 2; :::; ng and B as its even

numbers.

De�nition 1.2 [14]: Let (X; �) be a partially ordered space. We say that
F has the mixed (g; �)-monotone property if F is g-monotone non-decreasing
in arguments of A and g-monotone non-increasing in arguments of B; that is,
for all x1; x2; :::; xn; y; z 2 X and all i;

gy � gz ) F (x1; :::; xi�1; y; xi+1; :::; xn) �i F (x1; :::; xi�1; z; xi+1; :::; xn):
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De�nition 1.3 [15; 17]: Let (X; d) be a metric space and de�ne �n; �n :
Xn �Xn ! [0; +1); for Y = (y1; y2; :::; yn); V = (v1; v2; :::; vn) 2 Xn; by

�n(Y; V ) =
1

n

nX
i=1

d(yi; vi) and �n(Y; V ) = max
1�i�n

d(yi; vi):

Then �n and �n are metric on X
n and (X; d) is complete if and only if (Xn;

�n): Similarly (X; d) is complete if and only if(Xn; �n) are complete. It is easy
to see that

�n(Y
k; Y ) ! 0 (as k !1), d(yki ; yi)! 0 (as k !1);

and �n(Y
k; Y ) ! 0 (as k !1), d(yki ; yi)! 0 (as k !1); i 2 �n;

where Y k = (yk1 ; y
k
2 ; :::; y

k
n) and Y = (y1; y2; :::; yn) 2 Xn:

Lemma 1.1 [15; 17; 18]: Let (X; d; �) be a partially ordered metric space
and let F : Xn ! X and g : X ! X be two mappings. Let � = (�1; �2; :::;
�n) be an n�tuple of mappings from �n into itself verifying �i 2 
A;B if i 2 A
and �i 2 


0

A;B if i 2 B: De�ne F�; G : Xn ! Xn; for all y1; y2; :::; yn 2 X; by

F�(y1; y2; :::; yn) =

0@ F (y�1(1); y�1(2); :::; y�1(n));
F (y�2(1); y�2(2); :::; y�2(n));

:::; F (y�n(1); y�n(2); :::; y�n(n))

1A ; (1:3)

and
G(y1; y2; :::; yn) = (gy1; gy2; :::; gyn): (1:4)

(1) If F has the mixed (g; �)�monotone property, then F� is monotone (G;
v)�non-decreasing.
(2) If F is d�continuous, then F� is �n�continuous and �n�continuous.
(3) If g is d�continuous, then G is �n�continuous and �n�continuous.
(4) A point (y1; y2; :::; yn) 2 Xn is a ���xed point of F if and only if (y1;

y2; :::; yn) is a �xed point of F�:
(5) A point (y1; y2; :::; yn) 2 Xn is a ��coincidence point of F and g if and

only if (y1; y2; :::; yn) is a coincidence point of F� and G:
(6) If (X; d; �) is regular, then (Xn; �n; v) and (Xn; �n; v) are also

regular.

The commutativity and compatibility of the mappings are de�ned as follows.
De�nition 1.4 [14]: We will say that two mappings T; g : X ! X are

commuting if gTx = Tgx for all x 2 X: We will say that F : Xn ! X and
g : X ! X are commuting if gF (x1; x2; :::; xn) = F (gx1; gx2; :::; gxn) for all
x1; x2; :::; xn 2 X:

The following notion was introduced in order to avoid the necessity of com-
mutativity.
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De�nition 1.5 [1; 4; 8; 11]: Let (X; d; �) be a partially ordered metric
space. Two mappings T; g : X ! X are said to be O-compatible if

lim
n!1

d(gTxn; T gxn) = 0;

provided that fxng is a sequence in X such that fgxng is �-monotone, that is,
it is either non-increasing or non-decreasing with respect to � and

lim
n!1

Txn = lim
n!1

gxn 2 X:

The natural extension to an arbitrary number of variables is the following one.
De�nition 1.6 [1]: Let (X; d; �) be a partially ordered metric space and let

F : Xn ! X and g : X ! X be two mappings. Let � = (�1; �2; :::; �n) be an
n�tuple of mappings �n into itself verifying �i 2 
A;B if i 2 A and �i 2 


0

A;B

if i 2 B: We will say that (F; g) is a (O; �)�compatible pair if, for all i 2 �n;

lim
m!1

d(gF (x�i(1)m ; x�i(2)m ; :::; x�i(n)m ); F (gx�i(1)m ; gx�i(2)m ; :::; gx�i(n)m )) = 0;

whenever fx1mg; fx2mg; :::; fxnmg are sequences in X such that fgx1mg; fgx2mg;
:::; fgxnmg are � �monotone and

lim
m!1

F (x�i(1)m ; x�i(2)m ; :::; x�i(n)m ) = lim
m!1

gxim 2 X; for all i 2 �n:

Lemma 1.2 [1]: If F and g are (O; �)-compatible, then F� and G are
O-compatible.

The following de�nitions are usual in the �eld of �xed point theory.
De�nition 1.7 [1]: A partially ordered metric space (X; d; �) is said to

be non-decreasing-regular (respectively, non-increasing-regular) if for every se-
quence fxng � X such that fxng ! x and xn � xn+1 (respectively, xn � xn+1)
for all n � 0; we have that xn � x (respectively, xn � x) for all n � 0: (X; d;
�) is said to be regular if it is both non-decreasing-regular and non-increasing-
regular.

De�nition 1.8 [5]: Let (X; �) be a partially ordered set and let T; g : X !
X be two mappings. We say that T is (g; �)-non-decreasing if Tx � Ty for all
x; y 2 X such that gx � gy: If g is the identity mapping on X; we say that T
is �-non-decreasing.

Remark 1.2 [5]: If T is (g; �)-non-decreasing and gx = gy; then Tx = Ty:
It follows that

gx = gy )
�
gx � gy;
gy � gx

�
)
�
Tx � Ty;
Ty � Tx

�
) Tx = Ty:

De�nition 1.9 [16]: An altering distance function is a function  : [0; +1)!
[0; +1) which satis�ed the following conditions:
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(i )  is continuous and non-decreasing,
(ii )  (t) = 0 if and only if t = 0:

In this research paper, we obtain some coincidence point theorem for g-
non-decreasing mappings under generalized ( ; �; ')-contraction on a partially
ordered metric space. Furthermore, we show how multidimensional results can
be seen as simple consequences of our unidimensional coincidence point theorem.
We modify, improve, sharpen, enrich and generalize the results of Alotaibi and
Alsulami [2]; Alsulami [3]; Harjani et al. [6]; Harjani and Sadarangani [7]; Luong
and Thuan [10]; Nieto and Rodriguez-Lopez [12]; Razani and Parvaneh [13] and
many other famous results in the literature.

2. Main results
Theorem 2.1. Let (X; d; �) be a partially ordered metric space and let T;

g : X ! X be two mappings such that the following properties are ful�lled:
(i) T (X) � g(X);
(ii) T is (g; �)-non-decreasing,
(iii) there exists x0 2 X such that gx0 � Tx0;
(iv) there exist an altering distance function  ; an upper semi-continuous

function � : [0; +1) ! [0; +1) and a lower semi-continuous function ' : [0;
+1)! [0; +1) such that

 (d(Tx; Ty)) � � (d(gx; gy))� ' (d(gx; gy)) ;

for all x; y 2 X such that gx � gy; where �(0) = '(0) = 0 and  (t)��(t)+'(t) >
0 for all t > 0: Also assume that, at least, one of the following conditions holds.
(a) (X; d) is complete, T and g are continuous and the pair (T; g) is O-

compatible,
(b) (X; d) is complete, T and g are continuous and commuting,
(c) (g(X); d) is complete and (X; d; �) is non-decreasing-regular,
(d) (X; d) is complete, g(X) is closed and (X; d; �) is non-decreasing-regular,
(e) (X; d) is complete, g is continuous, the pair (T; g) is O-compatible and

(X; d; �) is non-decreasing-regular.
Then T and g have a coincidence point.
Proof. We divide the proof into four steps.
Step 1. We claim that there exists a sequence fxngn�0 � X such that fgxng

is �-non-decreasing and gxn+1 = Txn; for all n � 0: Starting from x0 2 X given
in (iii) and taking into account that Tx0 2 T (X) � g(X); there exists x1 2 X
such that Tx0 = gx1: Then gx0 � Tx0 = gx1: Since T is (g; �)-non-decreasing,
Tx0 � Tx1: Now Tx1 2 T (X) � g(X); so there exists x2 2 X such that
Tx1 = gx2: Then gx1 = Tx0 � Tx1 = gx2: Since T is (g; �)-non-decreasing,
Tx1 � Tx2: Repeating this argument, there exists a sequence fxngn�0 such
that fgxng is �-non-decreasing, gxn+1 = Txn � Txn+1 = gxn+2 and

gxn+1 = Txn; for all n � 0:

Step 2. We claim that fd(gxn; gxn+1)g ! 0:
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Now, by contractive condition (iv) and (i ); we have

 (d(gxn+1; gxn+2)) =  (d(Txn; Txn+1)) (2:1)

� � (d(gxn; gxn+1))� ' (d(gxn; gxn+1)) :

But we have  (d(gxn; gxn+1)) � � (d(gxn; gxn+1)) + ' (d(gxn; gxn+1)) > 0:
Then

 (d(gxn+1; gxn+2))

 (d(gxn; gxn+1))
� � (d(gxn; gxn+1))� ' (d(gxn; gxn+1))

 (d(gxn; gxn+1))
< 1:

Thus
 (d(gxn+1; gxn+2)) <  (d(gxn; gxn+1)) :

Since  is non-decreasing, therefore

d(gxn+1; gxn+2) < d(gxn; gxn+1):

This shows that the sequence f�ng1n=0 de�ned by �n = d(gxn; gxn+1); is a
decreasing sequence of positive numbers. Then there exists � � 0 such that

lim
n!1

�n = lim
n!1

d(gxn; gxn+1) = �: (2:2)

We shall prove that � = 0: Suppose to the contrary that � > 0: Taking n!1
in (2:1); by using the property of  ; �; ' and (2:2); we obtain

 (�) � �(�)� '(�);

so
 (�)� �(�) + '(�) � 0;

which is a contradiction. Thus, by (2:2); we get

� = lim
n!1

�n = lim
n!1

d(gxn; gxn+1) = 0: (2:3)

Step 3. We claim that fgxngn�0 is a Cauchy sequence in X: Suppose that
fgxngn�0 is not a Cauchy sequence. Then there exists an " > 0 for which we
can �nd two sequences of positive integers fm(k)g and fn(k)g such that for all
positive integers k; and

d(gxn(k); gxm(k)) � " for n(k) > m(k) > k:

Assuming that n(k) is the smallest such positive integer, we get

d(gxn(k)�1; gxm(k)) < ":

Now, by triangle inequality, we have

" � d(gxn(k); gxm(k))

� d(gxn(k); gxn(k)�1) + d(gxn(k)�1; gxm(k))

< d(gxn(k); gxn(k)�1) + ";
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Letting k !1 in the above inequality, by using (2:3); we have

lim
k!1

d(gxn(k); gxm(k)) = ": (2:4)

By the triangle inequality, we have

d(gxn(k)+1; gxm(k)+1) � d(gxn(k)+1; gxn(k)) + d(gxn(k); gxm(k))

+d(gxm(k); gxm(k)+1):

Letting k !1 in the above inequalities, using (2:3) and (2:4); we have

lim
k!1

d(gxn(k)+1; gxm(k)+1) = ": (2:5)

As n(k) > m(k); gxn(k) � gxm(k); by using contractive condition (iv); we have

 
�
d(gxn(k)+1; gxm(k)+1)

�
=  

�
d(Txn(k); Txm(k))

�
� �

�
d(gxn(k); gxm(k))

�
� '

�
d(gxn(k); gxm(k))

�
:

Letting k ! 1 in the above inequality, by using the property of  ; �; ' and
(2:4); (2:5); we have

 (") � �(")� '(");

which is a contradiction due to " > 0: This shows that fgxngn�0 is a Cauchy
sequence in X:
Step 4. We claim that T and g have a coincidence point distinguishing

between cases (a)� (e):
Suppose now that (a) holds, that is, (X; d) is complete, T and g are contin-

uous and the pair (T; g) is O-compatible. Since (X; d) is complete, therefore
there exists z 2 X such that fgxng ! z: Now Txn = gxn+1 for all n � 0; we
also have that fTxng ! z: As T and g are continuous, then fTgxng ! Tz
and fggxng ! gz: Taking into account that the pair (T; g) is O-compatible, we
deduce that limn!1 d(gTxn; T gxn) = 0: In such a case, we conclude that d(gz;
Tz) = limn!1 d(ggxn+1; T gxn) = limn!1 d(gTxn; T gxn) = 0; that is, z is a
coincidence point of T and g:
Suppose now that (b) holds, that is, (X; d) is complete, T and g are contin-

uous and commuting. It is obvious because (b) implies (a):
Suppose now that (c) holds, that is, (g(X); d) is complete and (X; d; �)

is non-decreasing-regular. As fgxngn�0 is a Cauchy sequence in the complete
space (g(X); d); so there exist y 2 g(X) such that fgxng ! y: Let z 2 X be
any point such that y = gz: In this case fgxng ! gz: Indeed, as (X; d; �) is
non-decreasing-regular and fgxng is �-non-decreasing and converging to gz; we
deduce that gxn � gz for all n � 0: Applying the contractive condition (iv);

 (d(gxn+1; T z)) =  (d(Txn; T z)) � � (d(gxn; gz))� ' (d(gxn; gz)) :

On taking n!1 in the above inequality, we get d(gz; Tz) = 0; that is, z is a
coincidence point of T and g:
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Suppose now that (d) holds, that is, (X; d) is complete, g(X) is closed and
(X; d; �) is non-decreasing-regular. It follows from the fact that a closed subset
of a complete metric space is also complete. Then, (g(X); d) is complete and
(X; d; �) is non-decreasing-regular. Thus (c) is applicable.
Suppose now that (e) holds, that is, (X; d) is complete, g is continuous, the

pair (T; g) is O-compatible and (X; d; �) is non-decreasing-regular. As (X; d)
is complete, so there exists z 2 X such that fgxng ! z: Since Txn = gxn+1 for
all n � 0; we also have that fTxng ! z: As g is continuous, then fggxng ! gz:
Furthermore, since the pair (T; g) is O-compatible, we have limn!1 d(ggxn+1;
T gxn) = limn!1 d(gTxn; T gxn) = 0: As fggxng ! gz; the previous property
means that fTgxng ! gz:
Indeed, as (X; d; �) is non-decreasing-regular and fgxng is �-non-decreasing

and converging to z; we deduce that gxn � z for all n � 0: Applying the
contractive condition (iv); we get

 (d(Tgxn; T z)) � � (d(ggxn; gz))� ' (d(ggxn; gz)) :

Taking n ! 1 in the above inequality, we get d(gz; Tz) = 0; that is, z is a
coincidence point of T and g:

If we take  (t) = t and '(t) = 0 for all t � 0 in Theorem 2.1, we obtain the
following corollary.
Corollary 2.2. Let (X; d; �) be a partially ordered metric space and let

T; g : X ! X be two mappings satisfying (i) � (iii) of Theorem 2.1 and there
exists an upper semi-continuous function � : [0; +1)! [0; +1) such that

d(Tx; Ty) � � (d(gx; gy)) ;

for all x; y 2 X such that gx � gy; where �(0) = 0 and t� �(t) > 0 for all t > 0:
Also assume that, at least, one of the conditions (a)� (e) of Theorem 2.1 holds.
Then T and g have a coincidence point.

If we take '(t) = 0 and �(t) = k (t) with 0 � k < 1; for all t � 0 in Theorem
2.1, we have the following corollary.
Corollary 2.3. Let (X; d; �) be a partially ordered metric space and let

T; g : X ! X be two mappings satisfying (i) � (iii) of Theorem 2.1 and there
exists an altering distance function  such that

 (d(Tx; Ty)) � k (d(gx; gy)) ;

for all x; y 2 X such that gx � gy: Also assume that, at least, one of the
conditions (a) � (e) of Theorem 2.1 holds. Then T and g have a coincidence
point.

If we take  (t) = �(t) for all t � 0 in Theorem 2.1, we obtain the following
corollary.
Corollary 2.4. Let (X; d; �) be a partially ordered metric space and let

T; g : X ! X be two mappings satisfying (i) � (iii) of Theorem 2.1 and there
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exist an altering distance function  and a lower semi-continuous function '
: [0; +1)! [0; +1) such that

 (d(Tx; Ty)) �  (d(gx; gy))� ' (d(gx; gy)) ;

for all x; y 2 X such that gx � gy; where '(0) = 0: Also assume that, at least,
one of the conditions (a) � (e) of Theorem 2.1 holds. Then T and g have a
coincidence point.

If we take  (t) = �(t) = t for all t � 0 in Theorem 2.1, we get the following
corollary.
Corollary 2.5. Let (X; d; �) be a partially ordered metric space and let

T; g : X ! X be two mappings satisfying (i) � (iii) of Theorem 2.1 and there
exists a lower semi-continuous function ' : [0; +1)! [0; +1) such that

d(Tx; Ty) � d(gx; gy)� ' (d(gx; gy)) ;

for all x; y 2 X such that gx � gy; where '(0) = 0: Also assume that, at least,
one of the conditions (a) � (e) of Theorem 2.1 holds. Then T and g have a
coincidence point.

If we take  (t) = �(t) = t and '(t) = (1 � k)t with k < 1 for all t � 0 in
Theorem 2.1, we get the following corollary.
Corollary 2.6. Let (X; d; �) be a partially ordered metric space and let

T; g : X ! X be two mappings satisfying (i)� (iii) of Theorem 2.1 and

d(Tx; Ty) � kd(gx; gy);

for all x; y 2 X such that gx � gy; where k < 1: Also assume that, at least,
one of the conditions (a) � (e) of Theorem 2.1 holds. Then T and g have a
coincidence point.

Example 2.1. Let X = R be a metric space with the metric d : X�X ! [0;
+1) de�ned by d(x; y) = jx� yj ; for all x; y 2 X; with the natural ordering
of real numbers � : Let T; g : X �X ! X be de�ned as

Tx =
x2

3
and gx = x2 for all x 2 X:

Clearly, T and g satis�ed the contractive condition of Theorem 2.1 with  (t) =
�(t) = t and '(t) = 2t

3 for t � 0: In addition, all the other conditions of Theorem
2.1 are satis�ed and z = 0 is a coincidence point of T and g:

3. Multidimensional coincidence point results
Next we give an n�dimensional �xed point theorem for mixed monotone

mappings. For brevity, (y1; y2; :::; yn); (v1; v2; :::; vn) and (y10 ; y
2
0 ; :::; y

n
0 ) will

be denoted by Y; V and Y0 respectively.

9

Pramana Research Journal

Volume 9, Issue 3, 2019

ISSN NO: 2249-2976

https://pramanaresearch.org/716

SRIKANTH
Textbox

SRIKANTH
Textbox



Lemma 3.1. Let (X; d; �) be a partially ordered metric space and let
F : Xn ! X and g : X ! X be two mappings. Then
(1) If there exist y10 ; y

2
0 ; :::; y

n
0 2 X verifying gyi0 �i F (y

�i(1)
0 ; y

�i(2)
0 ; :::;

y
�i(n)
0 ); for all i 2 �n; then there exists Y0 2 Xn such that G(Y0) v F�(Y0):
(2) If there exist an altering distance function  ; an upper semi-continuous

function � : [0; +1) ! [0; +1) and a lower semi-continuous function ' : [0;
+1)! [0; +1) such that

 (d(F (y1; y2; :::; yn); F (v1; v2; :::; vn))) (3:1)

� �

�
max
1�i�n

d(gyi; gvi)

�
� '

�
max
1�i�n

d(gyi; gvi)

�
;

for which yi; vi 2 X such that gyi �i gvi for all i 2 �n; where �(0) = '(0) = 0
and  (t)� �(t) + '(t) > 0 for all t > 0; then

 (�n(F�(Y ); F�(V ))) � � (�n(G(Y ); G(V )))� ' (�n(G(Y ); G(V ))) ; (3:2)

for all Y; V 2 Xn with G(Y ) v G(V ):
Proof. (1) is obvious.
(2) Suppose that G(Y ) v G(V ) for Y; V 2 Xn: For �xed i 2 A; we have

gy�i(t) �t gv�i(t) for t 2 �n: From (3:1); we have

 
�
d(F (y�i(1); y�i(2); :::; y�i(n)); F (v�i(1); v�i(2); :::; v�i(n)))

�
� �

�
max
1�i�n

d(gyi; gvi)

�
� '

�
max
1�i�n

d(gyi; gvi)

�
; (3:3)

for all i 2 A: Similarly, for �xed i 2 B; we have gy�i(t) �t gv�i(t) for t 2 �n: It
follows from (3:1) that

 
�
d(F (y�i(1); y�i(2); :::; y�i(n)); F (v�i(1); v�i(2); :::; v�i(n)))

�
�  

�
d(F (v�i(1); v�i(2); :::; v�i(n)); F (y�i(1); y�i(2); :::; y�i(n)))

�
� �

�
max
1�i�n

d(gyi; gvi)

�
� '

�
max
1�i�n

d(gyi; gvi)

�
; (4:4)

for all i 2 B: By (1:2); (1:3); (1:4); (3:3); (3:4) and  is non-decreasing, we have

 (�n(F�(Y ); F�(V ))) � � (�n(G(Y ); G(V )))� ' (�n(G(Y ); G(V ))) ;

for all Y; V 2 Xn with G(Y ) v G(V ):

Theorem 3.1. Let (X; �) be a partially ordered set and suppose that there
is a metric d on X such that (X; d) is a complete metric space. Let F : Xn ! X
and g : X ! X be two mappings and � = (�1; �2; :::; �n) be an n�tuple of
mappings from �n into itself verifying �i 2 
A;B if i 2 A and �i 2 


0

A;B if
i 2 B: Suppose that the following properties are ful�lled:
(i) F (Xn) � g(X);
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(ii) F has the mixed g-monotone property,
(iii) there exist y10 ; y

2
0 ; :::; y

n
0 2 X verifying gyi0 �i F (y

�i(1)
0 ; y

�i(2)
0 ; :::;

y
�i(n)
0 ); for all i 2 �n;
(iv) there exist an altering distance function  ; an upper semi-continuous

function � : [0; +1) ! [0; +1) and a lower semi-continuous function ' : [0;
+1) ! [0; +1) satisfying (3:1) for which yi; vi 2 X such that gyi �i gvi for
all i 2 �n; where �(0) = '(0) = 0 and  (t)� �(t) + '(t) > 0 for all t > 0: Also
assume that at least one of the following conditions holds,
(a) (X; d) is complete, F and g are continuous and the pair (F; g) is (O;

�)-compatible,
(b) (X; d) is complete, F and g are continuous and commuting,
(c) (g(X); d) is complete and (X; d; �) is non-decreasing-regular,
(d) (X; d) is complete, g(X) is closed and (X; d; �) is regular,
(e) (X; d) is complete, g is continuous, the pair (F; g) is (O; �)-compatible

and (X; d; �) is non-decreasing-regular.
Then F and g have a ��coincidence point.
Proof. It is only necessary to apply Theorem 2.1 to the mappings T = F�

and g = G in the ordered metric space (Xn; �n; v) taking into account all items
of Lemma 1.1, Lemma 1.2 and Lemma 3.1.

Theorem 3.2. Let (X; �) be a partially ordered set and suppose that there
is a metric d on X such that (X; d) is a complete metric space. Let F : Xn ! X
and g : X ! X be two mappings and � = (�1; �2; :::; �n) be an n�tuple of
mappings from �n into itself verifying �i 2 
A;B if i 2 A and �i 2 


0

A;B if
i 2 B: Suppose that the following properties are ful�lled:
(i) F (Xn) � g(X);
(ii) F has the mixed g-monotone property,
(iii) there exist y10 ; y

2
0 ; :::; y

n
0 2 X verifying gyi0 �i F (y

�i(1)
0 ; y

�i(2)
0 ; :::;

y
�i(n)
0 ); for all i 2 �n;
(iv) for which there exist an altering distance function  ; an upper semi-

continuous function � : [0; +1) ! [0; +1) and a lower semi-continuous func-
tion ' : [0; +1)! [0; +1) such that

 

 
1

n

nX
i=1

d(F (y�i(1); y�i(2); :::; y�i(n)); F (v�i(1); v�i(2); :::; v�i(n)))

!

� �

 
1

n

nX
i=1

d(gyi; gvi)

!
� '

 
1

n

nX
i=1

d(gyi; gvi)

!
; (3:5)

for which yi; vi 2 X such that gyi �i gvi for all i 2 �n; where �(0) = '(0) = 0
and  (t) � �(t) + '(t) > 0 for all t > 0: Also assume that at least one of the
following conditions holds,
(a) (X; d) is complete, F and g are continuous and the pair (F; g) is (O;

�)-compatible,
(b) (X; d) is complete, F and g are continuous and commuting,
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(c) (g(X); d) is complete and (X; d; �) is non-decreasing-regular,
(d) (X; d) is complete, g(X) is closed and (X; d; �) is regular,
(e) (X; d) is complete, g is continuous, the pair (F; g) is (O; �)-compatible

and (X; d; �) is non-decreasing-regular.
Then F and g have a ��coincidence point.
Proof. Notice that the contractive condition (3:5) means that

 (�n(F�(Y ); F�(V ))) � �(�n(GY; GV ))� '(�n(GY; GV ));

for all Y; V 2 Xn with Y v V: Therefore it is only necessary to use Theorem
2.1 to the mappings T = F� and g = G in the ordered metric space (Xn; �n;
v) taking into account all items of Lemma 1.1 and Lemma 3.1.

In a similar way, we may state the results analog of Corollary 2.2, Corollary
2.3, Corollary 2.4, Corollary 2.5 and Corollary 2.6 for Theorem 3.1 and Theorem
3.2.
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