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ABSTRACT:

Abstractn this paper, we extent the concept of fuzzy bitopological
space which is a non empty set X equipped with two fuzzy topologies(FT1

and FT2) on it. Using these Fuzzy FT1,2 - closed sets in fuzzy bitopological
space, we introduced the concepts of Fuzzy FT1,2 - preclosed, Fuzzy FT1,2 -
strongly preclosed, Fuzzy FT1,2 - semiclosed, Fuzzy FT1,2 - strongly semi-
closed, Fuzzy FT1,2 - α-closed, fuzzy FT1,2 - ĝ-closed and fuzzy FT1,2 -
β-closed in fuzzy bitopological space.
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1 INTRODUCTION:

Fuzzy Mathematics is a kind of Mathematical theory which contains
wider content than the classical theory. Also, it has found numerous appli-
cations in different fields such as Linguistics, Robotics, Pattern Recognition,
Expert Systems, Military Control, Artificial Intelligence, Psychology, Tax-
onomy, Economics etc. The theory of general topology is based on the set
operations of unions, intersections and complementation. Fuzzy sets were
assumed to have a set theoretic behavior almost identical to that of ordinary
sets. It is therefore natural to extend the concept of point set topology to
fuzzy sets resulting in a theory of fuzzy topology.

In order to deal with uncertainties, the idea of fuzzy sets , fuzzy
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set operations was introduced by L. A. Zadeh [1] in his classical paper in
the year 1965. The fuzzy concept has invaded almost all branches of Math-
ematics. The potential of fuzzy notion was realized by the researchers and
has successfully been applied in all branches of Mathematics. The concepts
of fuzzy topology was defined by C. L. Chang [2] in the year 1968.

The concept of bitopological spaces was introduced by J.C.Kelley
[3]. The triple (X, F1, F2) where X is non-empty set and F1, F2 are arbitrary
topologies on X is called bitopological spaces and K. M. Dharmalingam
et al extend the ĝ -closed sets in bitopological spaces. Kelley [5] initi-
ated the systematic study of such spaces and several other authors have
contributed to subsequent development of various bitopological properties.
A.A.Kandil [6] introduced and studied the notion of fuzzy bitopological
spaces as a natural generalization of fuzzy topological spaces and since then
many concepts in classical topology have been extended to fuzzy bitopologi-
cal spaces. A fuzzy bitopological space which is a non empty set X equipped
with two fuzzy topologies on it.

The concept of fuzzy semiopen sets was first introduced by Azad
[4]. Bai Shi Zhong [7] and Singal [8] have introduced the fuzzy strongly
semiopen sets and fuzzy preopen sets. The purpose of this paper is to in-
troduce the concept of Fuzzy FT1,2 - preclosed, Fuzzy FT1,2 - strongly pre-
closed, Fuzzy FT1,2 - semiclosed, Fuzzy FT1,2 - strongly semiclosed, Fuzzy
FT1,2 - α-closed, fuzzy FT1,2 - ĝ-closed and fuzzy FT1,2 - β-closed in Fuzzy
bitopological spaces.

2 PRELIMINARIES

In this section, we recall some preliminary definitions and results which are
very much pertinent to our discussion.

Definition 2.1 [1]:
A function f from X into the closed unit interval I (i.e., I = [0,

1] ) is called a fuzzy set in X. For every x∈X, f(x) ∈ I is called the grade of
membership of x in f.

Definition 2.2 [9]:
A fuzzy subset is empty if and only if its grade of membership is

identically zero in X. It is denoted by 0.

Definition 2.3 [9]:
A fuzzy subset is whole if and only if its grade of membership is

identically one in X. It is denoted by 1.

Definition 2.4 :
Let λ and µ be fuzzy sets in X. Then, for all x ∈ X,
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a) λ = µ if and only if λ(x) = µ(x),
b) λ ≤ µ if and only if λ(x) ≤ µ(x),
c) ψ= λ

∨
µ if and only if ψ(x) = max {λ(x), µ(x)},

d) ψ= λ
∧
µ if and only if ψ(x) = min {λ(x), µ(x)},

e) η = λc if and only if η(x) = 1 - λ(x).
For a family { λi / i ∈ I } of fuzzy sets in X, the union ψ =

∨
i(λi) and

intersection δ =
∧

i(λi), are defined respectively as
a) ψ(x) = supi{λi/x ∈ X},
b) δ(x) = infi{λi/x ∈ X},

Definition 2.5 [1]:
Two fuzzy sets µ and ρ are said to be disjoint if µ

∧
ρ = 0.

Definition 2.6 [1]:
A fuzzy topology is a family FT of fuzzy sets in X which satisfies

the following conditions:
a) 0, 1 ∈ FT,
b) If µ, ρ ∈FT, then µ

∧
ρ ∈FT,

c) If µiFT for each i∈I, then
∨

i µi FT.
FT is called a fuzzy topology for X and the pair (X, FT) is a fuzzy topological
space. Every member of FT is called a fuzzy open set. Fuzzy set of the form
1 - µ are called fuzzy closed sets, where µ is a fuzzy open set.

Definition 2.7 [1]:
Let δ be a subset of a fuzzy topological space (X, FT). Then inte-

rior of δ is defined as
∨
{γ : γ is open in fuzzy topology and γ ≤ δ}.

i.e.). the interior of δ as the union of all the fuzzy open subsets contained
in a fuzzy set in δ. It is denoted by int(δ).

Definition 2.8 [1]:
Let δ be a subset of a fuzzy topological space (X, FT). Then closure

of δ is defined as
∧
{γ : γ is closed in fuzzy topological space and γ ≥ δ}.

i.e.). The intersection of all fuzzy closed subsets containing a fuzzy set δ. It
is denoted by cl(δ).

3 BASIC CONCEPTS

Definition 3.1 [10]:
Let S be a subset bitopological space (X, T1, T2). Then S is said

to be T1,2 - open set if S = A U B where A∈ T1 and B∈ T2. The complement
of T1,2 - open set is T1,2 - closed set.

Remark 3.2 [10]: T1,2 - open sets need not necessarily form a topology.
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Definition 3.3 [11]:
Let α be a subset of a bitopological space (X, T1, T2). Then the

T1,2 - interior of α is defined as
⋃
{β : β is T1,2 - open and β is a subset

of α}.

Definition 3.4 [11]:
Let α be a subset of a bitopological space (X, T1, T2). Then the

T1,2 - closure of α is a defined as
⋂
{β : β is T1,2 - closed and α is subset

of β}.

Definition 3.5 [6]:
A subset α of a bitopological space (X, T1, T2) is called T1,2 -

general closed set if T1,2 - closure of α is a subset of β whenever α is a
subset of β and β is T1,2 - open in (X, T1, T2). The complement of T1,2 -
general closed set is called T1,2 - general open set.

Definition 3.6 [12]:
Let X be a non empty set FT1 and FT2 be two fuzzy topologies

on X then the triple (X, FT1, FT2) is called the fuzzy bitopological space.

4 FUZZY FT1,2 - SEMIOPEN AND FUZZY FT1,2

- α - CLOSED SETS

Definition 4.1 :
A fuzzy subset α of a fuzzy bitopological space (X, FT1, FT2) is

called a
(a), fuzzy FT1,2 - preopen set if α ≤ FT1,2-int(FT1,2-cl(α))
(b), fuzzy FT1,2 - preclosed set if α ≥ FT1,2-cl(FT1,2-int(α)).

Definition 4.2 :
A fuzzy subset α of a fuzzy bitopological space (X, FT1, FT2) is

called a
(a), fuzzy FT1,2 - semi open set if α ≤ FT1,2-cl(FT1,2-int(α))
(b), fuzzy FT1,2 - semi closed set if α ≥ FT1,2-int(FT1,2-cl(α)).

Definition 4.3 :
A fuzzy subset α of a fuzzy bitopological space (X, FT1, FT2) is

called a
(a), fuzzy FT1,2 - α - open set if α ≤ FT1,2-int(FT1,2-cl(FT1,2-int(α)))
(b), fuzzy FT1,2 - α - closed set if α ≥ FT1,2-cl(FT1,2-int(FT1,2-cl(α))).

Theorem 4.4 :
Let {αi} be a family of fuzzy set of a fuzzy bitopological space (X,

FT1, FT2). Then
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(a),
∨
FT1,2 - cl({αi}) ≤ FT1,2 - cl(

∨
{αi}).

(b),
∨
FT1,2 - cl({αi}) = FT1,2 - cl(

∨
{αi}) if i is finite.

(c),
∨
FT1,2 - int({αi}) ≤ FT1,2 - int(

∨
{αi}).

Theorem 4.5 :
Let (X, FT1, FT2) be an fuzzy bitopological space. then the fol-

lowing are equivalent:
(a), α is a fuzzy FT1,2 - semi closed set.
(b), αc is a fuzzy FT1,2 semi open set.
(c), FT1,2 - int (FT1,2 - cl(α)) ≤ α.
(d), FT1,2 - cl (FT1,2 - int(αc)) ≥ αc.

Theorem 4.6 :
In a fuzzy bitopological space (X, FT1, FT2)

(a), Arbitrary union of fuzzy FT1,2 - semi open set is a fuzzy FT1,2 -semi
open set.
(b), Arbitrary intersection of fuzzy FT1,2 - semi closed set is a fuzzy FT1,2
- semi closed set.
Proof :

(a), Let {αi} be a collection of fuzzy FT1,2 - semi open sets of a
fuzzy bitopological space (X, FT1, FT2). Then there exists a γi ε (X, FT1,
FT2) such that γi ≤ αi ≤ FT1,2 - cl(αi), for each i. Thus,

∨
γi ≤

∨
αi ≤∨

FT1,2 - cl(γi) ≤ FT1,2 - cl(
∨
γi) [From Theorem No: 4.4(a), and

∨
γi ε

(X, FT1, FT2), therefore arbitrary union of fuzzy FT1,2 - semi open set is
a fuzzy FT1,2 -semi open set.
(b), follows from a statement (a) using theorem (4.5).

Definition 4.7 :
A fuzzy subset α of a fuzzy bitopological space (X, FT1, FT2) is

called fuzzy FT1,2 - ĝ - closed set if FT1,2 - cl(α) ≤ β whenever α ≤ β and
β is fuzzy FT1,2 - semi open set in (X, FT1, FT2).
The complement of a fuzzy FT1,2 - ĝ - closed set is called fuzzy FT1,2 - ĝ -
open set.

Definition 4.8 :
A fuzzy subset α of a fuzzy bitopological space (X, FT1, FT2) is

called fuzzy FT1,2 - β - open set if α ≤ FT1,2 - cl(FT1,2 - int (FT1,2 - cl(α))).
The complement of a fuzzy FT1,2 - β - open set is called a fuzzy FT1,2 - β -
closed set.

Definition 4.9 :
Let α be a fuzzy set of a fuzzy bitopological space (X, FT1, FT2),

Then, FT1,2 - preint(α) =
∨
{ β/ β ≤ α, β is a fuzzy FT1,2 - preopen set

in (X, FT1, FT2)} is called a fuzzy FT1,2 - preinterior of α.
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Definition 4.10 :
Let α be a fuzzy set of a fuzzy bitopological space (X, FT1, FT2),

Then, FT1,2 - precl(α) =
∧
{β/ β ≥ α, β is a fuzzy FT1,2 - preclosed set in

(X, FT1, FT2)} is called a fuzzy FT1,2 - preclosure of α.

Theorem 4.11 :
Let α be a fuzzy set of a fuzzy bitopological space (X, FT1, FT2),

Then,
(a), FT1,2 - precl(α) ≥ α

∨
FT1,2 - cl(FT1,2 - int(α)),

(b), FT1,2 - preint(α) ≤ α
∧
FT1,2 - int(FT1,2 - cl(α)).

Proof :
We will prove only the statement (a). Since FT1,2 - precl(α) is

a fuzzy FT1,2 - preclosed set, we have FT1,2 - cl(FT1,2 - int(α)) ≤ FT1,2
- cl(FT1,2 - int(FT1,2 - precl(α))) ≤ FT1,2 - precl(α). Thus α

∨
FT1,2 -

cl(FT1,2 - int(α)) ≤ FT1,2 - precl(α).
Similarly we can easily prove the statement (b).

Lemma 4.12 :
Let α be a fuzzy set of a fuzzy bitopological space (X, FT1, FT2),

Then,
(a), (FT1,2 - precl(αc) = (FT1,2 - preint(α))c

(b), (FT1,2 - preint(αc) = (FT1,2 - precl(α))c

Lemma 4.13 :
Let α be a fuzzy set of a fuzzy bitopological space (X, FT1, FT2),

Then the following properties are hold.
(a), FT1,2 - int(FT1,2 - precl(α)) ≤ FT1,2 - int(FT1,2 - cl(α)),
(b), FT1,2 - int(FT1,2 - precl(α)) ≥ FT1,2 - int(FT1,2 - cl(FT1,2 - int (α))).
Proof :
Statement (a), follows from the relation FT1,2 - precl(α) ≤ FT1,2 - cl(α),
for any set α of (X, FT1, FT2).
(b), From the theorem (4.11(a)),
We have FT1,2 - int(FT1,2 - precl(α)) ≥ FT1,2 - int(α

∨
FT1,2 - cl(FT1,2 -

int(α))) ≥ FT1,2 - int(FT1,2 - cl(FT1,2 - int(α))).

Theorem 4.14 :
Let α be a fuzzy set in a fuzzy bitopological space (X, FT1, FT2).

Then
(a), FT1,2 - int(FT1,2 - cl(FT1,2 - int(FT1,2 - cl(α)))) = FT1,2 - int(FT1,2
- cl(α)).
(b), FT1,2 - cl(FT1,2 - int(FT1,2 - cl(FT1,2 - int(α)))) = FT1,2 - cl(FT1,2 -
int(α)).
(c), [FT1,2 - int(FT1,2 - cl(α))]c = FT1,2 - cl(FT1,2 - int(αc)).
(d), [FT1,2 - cl(FT1,2 - int(α))]c = FT1,2 - int(FT1,2 - cl(αc)).
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Lemma 4.15 :
Let α be a fuzzy set in a fuzzy bitopological space (X, FT1, FT2).

Then
(a), 1 - FT1,2 - int(α) = FT1,2 - cl(1 - α),
(b), 1 - FT1,2 - cl(α) = FT1,2 - int(1 - α).

5 FUZZY FT1,2 - STRONGLY SEMIOPEN SETS
AND FUZZY FT1,2 - STRONGLY PRECLOSED
SETS

Definition 5.1 :
A fuzzy set α of a fuzzy bitopological space (X, FT1, FT2) is called

a fuzzy FT1,2 - strongly preopen set if and only if α ≤ FT1,2 - int(FT1,2 -
precl(α)).

The complement of fuzzy FT1,2 - strongly preopen set is called a
fuzzy FT1,2 - strongly preclosed set.

Definition 5.2 :
A fuzzy set α of a fuzzy bitopological space (X, FT1, FT2) is called

a fuzzy FT1,2 - strongly semi open if and only if α ≤ FT1,2 - int(FT1,2 -
cl(FT1,2 - int(α))).

The complement of fuzzy FT1,2 - strongly semi open set is called
a fuzzy FT1,2 - strongly semi closed set.

Theorem 5.3 :
In a fuzzy bitopological space (X, FT1, FT2). Then the following

statements are hold.
(a), Every fuzzy FT1,2 - open set is a fuzzy FT1,2 - strongly preopen set.
(b), Every fuzzy FT1,2 - strongly semi open set is a fuzzy FT1,2 - strongly
preopen set.
(c), Every fuzzy FT1,2 - strongly preopen set is a fuzzy FT1,2 - preopen set.

Theorem 5.4 :
Let α be a fuzzy set of a fuzzy bitopological space (X, FT1, FT2).

Then α is a fuzzy FT1,2 - strongly preclosed set if and only if FT1,2 - cl(FT1,2
- preint(α)) ≤ α.
Proof :

Let α be a fuzzy FT1,2 - strongly preclosed set of a fuzzy bitopolog-
ical space (X, FT1, FT2). Then αc is a fuzzy FT1,2 - strongly preopen set.
From the relation αc ≤ FT1,2 - int(FT1,2 - precl(αc)), we have α ≥ FT1,2 -
cl(FT1,2 - preint(α)).
Conversely:

Let α be a fuzzy set such that α ≥ FT1,2 - cl(FT1,2 - preint(α)).
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From the relation αc ≤ FT1,2 - int(FT1,2 - precl(αc)) it follows that αc is
a fuzzy FT1,2 - strongly preopen set. Hence α is a fuzzy FT1,2 - strongly
preclosed set.

Lemma 5.5 :
Let {αi}iεI be a family of fuzzy sets of a fuzzy bitopological space

(X, FT1, FT2). Then
∨

(FT1,2 - precl(αi) iεI) ≤ FT1,2 - precl(
∨
αi) iεI).

Theorem 5.6 :
In a fuzzy bitopological space (X, FT1, FT2). Arbitrary union of

fuzzy FT1,2 - strongly preopen set is a fuzzy FT1,2 - strongly preopen set.
Proof :

Let {αi}iεI be any family of fuzzy FT1,2 - strong preopen sets of a
fuzzy bitopological space (X, FT1, FT2). αi ≤ FT1,2 - int(FT1,2 - precl(αi))
for each i ε I. Hence from lemma (5.5) we have

∨
(αi)iεI ≤

∨
(FT1,2 -

int(FT1,2 - precl(αi))iεI) ≤ FT1,2 - int(FT1,2 - precl(
∨
αi) iεI)).

Theorem 5.7 :
Arbitrary intersection of fuzzy FT1,2 - strongly preclosed sets is a

fuzzy FT1,2 - strongly preclosed set in a fuzzy bitopological space (X, FT1,
FT2).
Proof :

Let {αi}iεI be any family of fuzzy FT1,2 - strongly preclosed sets.
Thus {αc

i}iεI is a family of fuzzy FT1,2 - strongly preopen sets. From the
previous lemma (5.5), (

∨
{αc

i}iεI)c = ∧{αi}iεI , we obtain the conclusion,
there fore intersection of fuzzy FT1,2 - strongly preclosed sets is a fuzzy
FT1,2 - strongly preclosed set.
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