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Abstract
Due to high strength, stiffness and light weight, carbon nanotubes have wider scope as promising
candidate for nanomechanical resonators. Any atomic vacancy defect means the absence of the atoms at
particular location, which affect the sensing performance and dynamic behavior. In this paper a molecular
structural mechanics investigation has been carried out to explore the influence of the defects on vibrational
characteristics of single walled carbon nanotubes. These defects are simulated by removing atoms from single
walled carbon nanotubes to bring the artificial situation closer to reality. Cantilevered armchair and zigzag
nanotubes with various aspect ratios are considered for dynamic analysis. The effect of different vacancy
defects and their position over the tube length on the natural frequency of armchair and zigzag nanotubes is
investigated. Finally the present results are compared with continuum structure mechanics and molecular
structural mechanics approach of previously published research papers and found present work is in good
agreement with previously carried out works.
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1. INTRODUCTION
Carbon nanotubes are the excellent material for advance Nanoelectromechanical sensors (NEMS) and
actuators due to their high stiffness and light weight. These features of CNTs result high vibrational
frequencies. Vibrational behavior of CNTs is the fundamental characteristic that should be studied, because it
is essential for the applications such as NEMS devices. Gibson et. al. studied vibrational behavior of CNTs
and their composites theoretically and experimentally [1]. Using continuum structural mechanics approach
Joshi et. al. [2] investigated the effect of artificial defects on vibrational characteristics of the single walled
carbon nanotubes (SWCNTs) of various lengths and diameters. Li and Chou [3] studied the fundamental
frequencies of SWCNTs using atomistic modeling based on molecular structural mechanics. Gao et.al. [4]
investigated the fundamental resonance frequency of SWCNTs with large aspect ratio lies in MHz range.
Joshi et. al. [5] has investigated the effect of position of nanoparticle along the length of the nanotube and
results are compared with numerical data obtained by Rayleigh Ritz method. The use of SWCNT as bio
sensors has been recently instigated using FEM simulation by Gupta et al. [6]. Chowdhury et. al. [7] also
examined CNTs as bio sensors using numerical method based on continuum structural mechanics. Mielke et.
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al. [8] utilized density function theory and semi empirical methods, and molecular structural mechanics
calculations with Tersoff Brenner potential to explore the roll of the atomic vacancy defects in the fracture of
carbon nanotube under axial tension. Georgantzinos and Anifanties [9] reported vibrational characteristics of
multiwalled carbon nanotubes (MWCNTs) using spring and lumped masses for various boundary constraints.
In another work [10] they investigated vibrational behavior of CNTs and mass sensitivity of MWCNTs when
a nanoparticle attached with them utilizing spring mass based finite element formulations. They found that,
due to frequency shift of the basic modes MWCNTs have ability not only to sense the added mass, but also
detect its weight and position over the length of nanotube. Mir et. al. [11] and Sakhaee-Pour et.al [12]
examined the vibrational behavior of bridged and cantilever single walled carbon nanotubes with different
length and diameters using finite element methods with beam elements in their simulations.

In recent years, large number of research activities has been done to study the nanostructures. Various
observation based on experimental study have been reported the existence of geometric defects, such as
Stone-Wales (SW) defect and atomic vacancy defects in CNTs [13]. Considerable theoretical studies have
been carried out the defect-induced degradation in the mechanical properties of CNTs. Based on literature
search, most paper focused on the effect of defects on fracture mechanism of CNTs under axial loadings [1418]. Parvanesh et al. [19] developed a structural model to analyze natural frequency of single-walled carbon
nanotubes under fixed-fixed and fixed-free boundary configuration. They examined influence of mono and
diatomic vacancy and Stone-Wales defects on the natural frequency of zigzag and armchair CNTs of various
aspect ratios. The effect of Stone-Wales defects on behavior and fracture mechanism of armchair, zigzag and
chiral SWCNTs subjected to axial tension has also examined [20]. Number of different defects has been
investigated on the surface of carbon nanotubes, which were the result of synthesis process. A few defects are
large enough, through which even C60 molecules or metal molecules can pass. Molecular structural
mechanics investigation has been done to examine the influence of number of different vacancy defects on
buckling and tensile strength of the SWCNTs of different chirality [21]. The bending rigidity of CNTs has
been affected by number and type of defects. A theoretical study with empirical potential function has been
done on defective and perfect CNTs based on molecular structural mechanics approach [22]. However, a
single defect has been considered in this study. Fig.1 shows the image of single-walled carbon nanotube under
transmission electron microscopes (TEM)
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Fig. 1 Transmission electron microscopic image of carbon nanotubes [2]
Effect of single atom vacancy defects or under defective support constraint on the vibrational frequency of
basic mode shapes has been reported [23]. A comparison of frequency shift of defective and perfect, zigzag
and armchair CNTs of same length has also been reported. Kumar and Harsha [24] examined the utility of
multiwalled carbon nanotubes as bio sensors using continuum structural mechanics approach. It is observed
[25-27]
27] that the atomistic molecular structural mechanics approach reliable as compared to continuum
structural mechanics based methods as consequences of implementing interactions at the atomic scale.

Anifantis et.al. investigated mass sensing potential of multi-walled
multi walled carbon nanotubes. A comparison
has been carried out to observe whether multiwalled carbon nanotubes are more or less sensitive to added
mass as compared to single-walled
walled carbon nanotubes having the same aspect ratios (length/diameter). A
significant variation in frequency shift for various attached masses onto CNTs has been o
observed from the
analysis and data available [10].
]. A higher frequency shift has been observed in single
single-walled carbon
nanotubes than multi-walled
walled carbon nanotubes.

In the present paper, 3-dimensional
dimensional atomistic finite element model is used to simulate the atomic
structure of the defective SWCNT considering atomic vacancy defects (type A and type B). The vibrational
behavior of armchair (11,11) and zigzag(19,0) single walled carbon nanotubes of various aspect ratios (L/d=
10, 15 and 20) with various types off atomic vacancy defects is investigated based on molecular structural
mechanics approach. The influence of the numbers of defects and their position along the length of the
SWCNT of various aspect ratios are also examined. In present work number of defect considered are 1, 3, 5
and 7, and the dimensionless positions (x/L) of defect along the length of SWCNTs are considered as 0.1, 0.3,
0.5, 0.7 and 0.9. Types of vacancy defects consider in the present paper are shown in Fig.2.
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Fig. 2. Schematic diagram of atomic vacancy defect model (a) Type A defect: lack of six atoms. (b) Type
B defect: lack of twenty four atoms.
There are two types of defects are considered in present paper


Defect type A



Defect type B
Type A defects are having 6 carbon atoms missing and defect B 24 carbon atoms are missing from a particular
location on CNTs as shown in Fig. 2(a) and (b). These defects are uniformly distributed along the length of
armchair CNTs as shown in Fig. 3 and zigzag CNT in Fig. 4.
Influence of position of the defect along the length of the both armchair and zigzag CNTs is also investigated.
Defective CNT models used by Joshi et. al. [2] is shown in Fig. 5.
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Fig.3. Defects on armchair (11,11) CNTs: (a) Single defect, (b) Three defects, (c) Five defects (d) Seven
defects

Fig.4. Defects on zigzag (19,0) CNTs: (a) Single defect, (b) Three defects, (c) Five defects (d) Seven
defects
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Fig.5 Layout of defects based on continuum structural approach (a) 1-defect,
1 defect, (b) 33-defect,
(c) 5-defect, (d) 7-defect, [2].

STRUCTURE OF SINGLE WALLED CARBON NANOTUBES
The bonding in the CNTs is sp2, with each atom connected to three neighbors as in graphite. Carbon
nanotubes are categorized as tube formed by rolling a sheet of Graphene about T⃗ vector as shown in Fig.
6.The vector perpendicular to T⃗ is the chiral vector denoted by C⃗ . The chiral vector and the corresponding
chiral angle define the type of CNT i.e. Armchair, zigzag, chiral. C⃗ can be expressed with respect to two
base vectors ⃗ and ⃗ as under
⃗=

⃗ +

1

⃗

Where n and m are the lattice translation indices, which decide the structure off the carbon nanotubes. Fig.6
represent the indices of translation (n,m
n,m) along with the base vectors, ⃗ and ⃗ . When the chiral angle θ =
0° and the one of translation indices become equal to zero i.e.

= 0 then the form of the nanotubes is known

as zigzag and when this angle have the value θ = 30° and the translation indices are equal i.e.

=

then the

form of nanotube
notube is known as armchair. For chiral form of carbon nanotube pair of indices ((n, m) and the
angle of chirality lies between 0° to 30°, where
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Fig.6 Hexagonal lattice of Graphene sheet including base vectors [28]]

Atomic finite element modeling of single-walled
walled carbon nanotube
A finite element model consisting of beam elements and concentrated mass is employed and the
vibrational characteristics of cantilevered CNTs are explored. The elastic properties of the beam elements are
calculated to consider the interatomic covalent bond between carbon atoms. The concentrated masses which
represent the mass off the carbon atoms are placed at the end of the beams, which represent covalent bond
between the carbon atoms. Fig. 7(a) and (b) represent (11,
(11 11)) and (19,0) carbon nanotubes with beam
elements at point masses respectively.

Fig. 7. Atomic finite element
ent model of ( 11,11) and (19, 0) SWCNTs with beam elements and point masses.
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Armchair and zigzag CNTs have been utilized and their vibrational behavior with number of different vacancy
defects and their different position along the length of CNTs has observed. The artificial defects are created
uniformly along the length of CNTs.. Two types of vacancy defects have been considered; 66-atoms vacancy
defect and 24-atoms
atoms vacancy defects. 6 atoms and 28 atoms are removed to create 6atoms and 24 atoms
vacancy defects respectably as shown in Fig.2.
The atomistic finite element model used for these CNTs is described here as under. Total strain energy of the
system considering small deformations and omitting electrostatic interactions
interactions can be described as [[29]
=
Where
is bond stretching energy,
can be expressed as
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where ,
and
are the bond stretching, bond angle bending and torsional resistance force constants
respectively, while
,
and
represent the bond stretching increment, bond angle variation bond
twisting angle variation respectively as shown in Fig.8
Fig.8.

Fig. 8 Interatomic interactions in molecular mechanics [28]
[2
The independency of the potential energies based on molecular mechanics can be observed. The elastic strain
energy of a uniform beam subjected to an axial load can be given as
U =
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Where A is the cross sectional area, L is the length,
is the change in the length and E is the Young’s
Modulus of the beam.
Strian
and
due to bending load and pure torsion load is given below
=
=

2
2

(2 )

7

(

8

)

where I is the moment of inertia, is the relative bending angle of beam ends, is the relative rotational angle
of the two ends. G is the Shear Modulus and J is the polar moment of inertia. As the potential energy is
independent, energy equivalence of the stored energy of the molecular mechanics approach reveals [30]
=

10

=

11

=

12

The elastic properties of the beam element are given as [31]
=4

13

=

14

=

4

15

8

Where d is the diameter of the beam element.
To model the space frame structure of SWCNT, the elastic beam properties are applied to an elastic beam
element and the mass properties to the point mass. The beam element length is taken equal to the distance of
the covalent bond between two carbon atoms in the graphene sheet as CNT considered as a space frame
structure. Neglecting the radii of the carbon nuclei, the radii of the carbon atoms are taken as 2.7×10−5 Å.
Mass of the carbon nuclei which is positioned at the end of each beam element is considered as 1.99×10−26 kg.
In present paper elastic properties of beam element are considered for analysis given in Table.1.
Table 1 Properties of beam element of space frame structure of SWCNT
Young’s Modulus, E
5.49 TPa
Shear Modulus, G
0.871 TPa
Diameter, d
0.147 nm
Length of beam, L
0.142 nm
Poison Ratio, ν
0.196
In this analysis, masses of the electron are assumed be insignificant in comparison with the nuclei.
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Validation of atomistic finite element model
To validate the present finite element model based on molecular structural mechanics approach, the
obtained results are compared with results of Joshi et. al. [2] and Hirai et. al. [21] for same geometric
configuration boundary conditions of CNTs. Joshi et. al. [2] utilized continuum structural mechanics
approach, where as Hirai et. al. [21] utilized molecular structural mechanics approach based on TersoffBrenner potential model to investigate the influence of number of defects on vibrational characteristics of
SWCNTs. Effect of type of defects i.e. A type and B type, has also been examined. Geometric configuration
has been used 1.5 nm diameter, 15 nm long [2] and 1.5±0.01 nm diameter, 15±0.01nm long of armchair (10,
10) configuration [21] with cantilever boundary constraint. SWCNTs (11, 11) having same geometric
configuration is utilized in present analysis with same end constraint. A comparison of results obtained in
present study and the results of previously published research papers are shown in Fig. 9.
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Fig.9. Comparison of variation in normalized frequency of SWCNT between the present paper, Hirai et al.
[21] and Joshi et al. [2] with A and B types of number of atomic vacancy defects for
d = 1.5 nm and L= 15 nm.
It is observed from the Fig.9 that present results have close proximity with Hirai et al. [21], but
comparatively more variations has been observed with Joshi et. al.[2]. The similarity between present and
Hirai et al. [21] is because of same approach and variations with Joshi et al. are due to fact that, the approach
adopted by them was continuum structural mechanics. The results of continuum structural mechanics
approach are based on the assumptions that there is no effect of the chirality (zigzag, armchair or chiral) on
the effective wall thickness and the nanotube is assumed as a continuum solid tube. While the present
molecular structural mechanics based finite element modeling approach easily incorporates the chirality
(armchair (11, 11) for the present study) and the nanotube can be simulated such that the proximity of the real
atomic structure can be retained. It is clear that molecular structural mechanics approach is more accurate with
fewer assumptions than continuum structural mechanics approach.

Volume 7, Issue 12, 2017

16

http://ijirs.in/

International Journal of Innovative Research & Studies

ISSN NO : 2319-9725

Results and Discussion
The influence of number of different types of vacancy defect (type A and type B) for the cantilever
configuration of SWCNT is analyzed by considering the normalized frequency of armchair (11, 11) and
zigzag (19, 0) form of SWCNTs. The different positions (0.1, 0.3, 0.5, 0.7 and 0.9 of the length) of different
types of vacancy defect are considered along the length of the SWCNTs from fixed end of nanotube. The
analysis is carried out for different aspect ratios (10, 15 and 20) and the results for various aspect ratios and
number of defects is represented in Fig.9. For armchair (11,11) CNTs with ‘type A’ defects, small variation in
the normalized frequency of different armchair nanotubes is observed up to three defects, but this variation
goes on increasing with number of defects, which is clearly shown in Fig 10(a). This is because of shifting of
vacancy defects nearer to fixed end of nanotube due to increase in vacancy defects, which degrade the
stiffness of the armchair SWCNTs. The maximum reduction is observed in smaller SWCNT. A similar trend
is observed for type B defect with the difference of large frequency reduction with more than one defect as
shown in Fig.10 (b). However normalized frequency of the zigzag (19, 0) with type A defect, increases with
corresponding change in number of defects on nanotubes. Smaller is the length of zigzag nanotubes; higher is
the change in normalized frequency with change in number of vacancy defects. This is due to the mass
reduction dominating over the stiffness reduction with increase in number of vacancy defects, which is
represented in Fig.10 (a). Whereas for type B defects zigzag nanotubes follow a similar trend as armchair
having type B defects, with smaller frequency reduction represented in Fig.10 (b). Normalized frequency of
(11,11) nanotubes decreases with increase in number of type A defect, whereas normalized frequency of
(19,0) nanotubes increases with corresponding change in number of type A defect for different aspect ratios.
Normalized frequency of (11,11) nanotubes decreases with increase in number of type B defect. The variation
in normalized frequency of smaller nanotube is slightly higher than longer nanotubes, whereas (19,0)
nanotubes have higher normalized frequency than (11,11) nanotubes for the defects considered in this paper.
An increase in natural frequencies observed, when position of the vacancy defect (type A and type B)
shifting away from fixed end of cantilevered nanotube due to large variation in stiffness. At the position of the
defect nearer to the fixed end of armchair (11,11) nanotube, the natural frequency due to type B defect is
lower than type A defect for aspect ratio 10. And this difference in natural frequencies decreases as the
position of defect shift away from the fixed end along the length of nanotube. It is also observed that, when
the defect is within 0.45 to 0.6 of the nanotube length range, the natural frequencies of type A defective and
type B defective armchair nanotubes have same natural frequency. As the defect position shift beyond this
position towards free end, then natural frequency of nanotube due to type B defect is higher than type A
defect. The reason for the lower natural frequency due to type B defect near the fixed end is comparatively
higher loss of structural rigidity (Stiffness) of SWCNT than type A defect.
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Fig. 10 Variation of normalized frequency of (11,11) and (19,0) SWCNTs with number of defects for (a)
type A and (b) type B defects.
The natural frequency of both armchair and zigzag SWCNT are compared for different type of defects
created at different position along the length of nanotube. It is observed that for armchair (11, 11) nanotube,
the effect of type B defect is more prominent than type A defect if the position of defect is nearer to the fixed
end and no significant change in natural frequency due to type of defects is observed when defect is nearer to
mid position of nanotube. The same phenomenon is observed for zigzag (19, 0) nanotube
tube but with lower
natural frequency as compared to armchair nanotube with type A defect. The same variations is observed for
different aspect ratios of 15 and 20 as shown in fig.12 and 13 respectively but for higher aspect ratio it is
found that the difference in natural frequency for the both nanotubes for different types of defects reaches its
minimum value at position of defects closer to free end.
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Fig. 11 Variation of natural frequency of armchair (11,11) and zigzag (19,0) nanotubes with position of
type A and type B defects along the length of nanotubes of aspect ratio L/d = 10.

Fig. 12. Variation of natural frequency of armchair (11,11) and zigzag (19
(19,0)
,0) nanotubes with position of
type A and type B defects along the length of nanotubes of aspect ratio L/d = 15.
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Fig. 13. Variation of natural frequency of armchair (11,11) and zigzag (19,0) nanotubes with position of
type A and type B defects along the length of nanotubes of aspect ratio L/d = 20.

Fig. 14 represents the frequency shift due to the varying position of the defect along the length of the
SWCNTs of armchair (11,11) and zigzag (19,0) form. It is observed that, the difference in the frequency shift
due to type A and type B defects is higher, when the defect is nearer to fixed end. This difference gradually
diminishes with varying position of defects from fixed end toward free end. At almost the middle of the length
of the nanotubes difference in the frequency shift is zero. Then beyond this position this difference in
frequency shift again increases. Frequency shift due to type A defect is lower than type B because of the large
size of type B defect which leads to high reduction in structural stiffness
s
of single-walled
walled carbon nanotubes
nearer to fixed end. The change in frequency shift is high for type B defect as it moves towards free end.
Whereas this variation is very small for type A defect. At almost middle of the nanotube frequency shift are
equal and frequency shift change its direction in negative zone beyond that point for armchair of aspect ratio
10. This means that, natural frequency of the defective nanotubes is higher than perfect nanotubes, because of
dominancy of structural mass loss
oss over the structural stiffness reduction nearer to free end. Zero difference in
frequency shift for armchair is shifted towards free end for higher aspect ratios as shown if Fig.14 (a), (d) and
(f). A similar trend is followed in zigzag (19,0) form with
with zero frequency shift difference remains almost at
the middle of the nanotubes for all aspect ratios. With change in aspect ratios of zigzag form of SWCNTs
change in direction of frequency shift segregate to a single point instead of a range as shown in Fig. 14 (b), (c)
and (e).
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Fig. 14 Resonant frequency shift variation due to defect on the cantilevered configuration of armchair (11,11)
and zigzag (19,0) form of SWCNTs, for different types of point defect (type A and type B) for their different
dimensionless positions (0.1, 0.3, 0.5, 0.7 and 0.9 of the total length of the nanotube)
nanotube) for different values of
considered aspect ratios.

CONCLUSION
Defective single-walled
walled carbon nanotubes (SWCNTs) are modeled and analyzed using molecular
structural mechanics approach in present work. An efficient atomistic finite element model is prepare with
number of different atomic vacancy defect at various location
location of the SWCNTs of armchair and zigzag form
and analyzed for dynamic behavior of these nanotubes. The influence of number, type and position of the
defects along the length of SWCNTs of various aspect ratios, on vibrational characteristics has investigat
investigated in
this paper.
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The following concluding remarks are given on the basis of obtained results:


Normalized frequency of armchair (11,11) nanotubes decreases with increase in number of type A defect,
whereas normalized frequency of (19,0) nanotubes increases with corresponding change in number of
type A defect for different aspect ratios. This is due to the mass reduction dominating over the stiffness
reduction with increase in number of vacancy defects in zigzag (19, 0) tube. For ‘type B’ defects zigzag
nanotubes follow a similar trend as armchair with smaller frequency reduction.



Natural frequency of the armchair (11,11) form of nanotubes decrease with number of type A defects,
whereas a rise is observed in zigzag (19,0) form of nanotubes. Type B defect has more influence than
type A on natural frequency of both forms of nanotubes.



Larger the size of the defect nearer the fixed end of cantilevered SWCNTs of both forms (armchair and
zigzag), lower is the natural frequency. But same defect nearer to free end enhance the natural frequency
of both armchair and zigzag form of SWCNTs.



Smaller is the aspect ratio higher is the influence of atomic vacancy defects.



It is also concluded that, the influence of the defects on natural frequency is whether adverse or favorable
(in terms of natural frequency) depend on the position of the defect nearer to fixed or free end of the
cantilevered SWCNTs.



Finally it is observed that structural stiffness loss dominate over structural mass loss due to atomic
vacancy defect nearer fixed end, whereas the situation becomes reverse if defect is nearer to free end of
SWCNTs for armchair with both type A and type B defect and zigzag with type B defects only.
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